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abstract

This paper defines two distribution free goodness-of-fit test statistics for copulas and states
their asymptotic distributions under some composite parametric assumptions. The results are
stated formally in an independent identically distributed framework, and partially in time-
dependent frameworks. We provide a simulation study and an empirical example by studying

the dependency between several couples of equity indices.

Résumé
Nous définissons deux statistiques libres pour des tests d’adéquation de copules ; nous établissons
leurs propriétés asymptotiques sous des hypotheses simples et composites. Les résultats sont
valables formellement dans un cadre iid, et étendus partiellement dans un cadre de séries
temporelles. Nous illustrons les résultats par des simulations et par ’étude de la dépendance

entre plusieurs couples d’indices boursiers.
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1 Introduction

In modern finance and insurance, to identify dependence structures between assets is becoming
one of the main challenges we are faced with. Dependence must be evaluated for several
purposes : pricing and hedging of credit sensitive instrument, particularly n-th to default
and CDO’s !, basket derivatives and structured products 2, credit portfolio management 3,
credit and market risk measures 4. Copulas are recognized as key tools to analyze dependence
structures. They are becoming more and more popular among academics and practitioners
because it is well known the returns of financial assets are non gaussian and exhibit nonlinear

features. Thus, multivariate gaussian random variables do not provide satisfying models °.

The copula of a multivariate distribution can be considered as the part describing its
dependence structure as a complement to the behavior of each of its margins. One attractive
property of copulas is their invariance under strictly increasing transformations of the mar-
gins. Actually, the use of copulas allows to solve a difficult problem, namely to find a whole
multivariate distribution, by performing two easier tasks. The first step starts by modelling
every marginal distribution. The second step consists of estimating a copula, which summa-
rizes all the dependencies between margins. However this second task is still in its infancy for
most of multivariate financial series, partly because of the presence of temporal dependencies
(serial autocorrelation, time varying heteroskedasticity,...) in returns of stock indices, credit

spreads, interest rates of various maturities...

Estimation of copulas has essentially been spread out in the context of i.i.d. samples. If
the true copula is assumed to belong to a parametric family C = {Cy, 0 € O}, consistent and
asymptotically normally distributed estimates of the parameter of interest can be obtained
through maximum likelihood methods. There are mainly two ways to achieve this : a fully
parametric method and a semiparametric method. The first method relies on the assumption

of parametric marginal distributions. Each parametric margin is then plugged in the full

!see Li [45],who proposed a gaussian copula-based methodology for pricing of first-to default, Laurent and

Gregory [44] and the references therein.
2For instance, Rosenberg [57] estimates copulas for the valuation of options on DAX30 and S&P500 indices.

Cherubini and Luciano [12] calibrate Frank’s copula for the pricing of digital options and options that are based
on the minimum on some equity indices. Genest et al. [31] study the relation between multivariate option

prices and several parametric copulas, by assuming a GARCH type model for individual returns.
3see e.g. Frey and McNeil [28]
*for instance Schonbucher [61], Schénbucher and Schubert [62], among others
Ssee Bouyé et al. [7] for a survey of financial applications, Frees and Valdez [27] for use in actuarial practice.

Patton [49, 50] and Rockinger and Jondeau [56] introduce copulas for modelling conditional dependencies.



likelihood and this full likelihood is maximized with respects to 6. Alternatively and without
parametric assumptions for margins, the marginal empirical cumulative distribution functions
can be plugged in the likelihood. These two commonly used methods are detailed in Genest
et al. [29] and Shi and Louis [63] ©.

Beside these two methods, it is also possible to estimate a copula by some nonparametric
methods based on empirical distributions, following Deheuvels [14, 15, 16] 7. The so-called
empirical copulas look like usual multivariate empirical cumulative distribution functions.
They are highly discontinuous (constant on some data-dependent pavements) and cannot be
exploited as graphical device. Recently, smooth estimates of copulas in a time-dependent
framework have been proposed in Fermanian and Scaillet [25]. They allow to guess which
parametric copula family should be convenient. This intuition needs to be properly verified
to be validated. In a statistical sense, it means to lead a goodness-of-fit test on the copula

specification. This is our topic.

In section 2, we specify our notations and the GOF tests main results in a multidimensional
framework. For i.i.d. data sets, we propose a first simple chi-square type test procedure in
section 3. A more powerful and more sophisticated test statistics is described in section 4.
The extension to time-dependent series are specified in section 5. The proofs are postponed

in the appendix.

2 The framework

Consider an i.i.d. sample of d-dimensional vectors (X;)i=1,.. n. Denote X; = (Xi1,..., Xiq).
and H, resp. C, the cumulative distribution function, resp. the copula, of X. Usually, a GOF

test tries to distinguish between two assumptions :
Ho : H = Hy, against H, : H # Hy, when the zero-assumption is simple, or

Ho : H € F, against H, : H € F, when the zero-assumption is composite.

Here, Hy denotes some known cdf, and F = {Hp, 0 € ©} is some known parametric family of
cdfs’.
Let us dealing first with simple assumptions. When d = 1, the problem is relatively

simple. By considering the transformation of X by H, the empirical process tends weakly to

Ssee Cebrian, Denuit and Scaillet [9] for inference under misspecified copulas, Chen and Fan [10] for inference

with B-mixing processes.

"see some weak convergence properties and extensions in Fermanian et al. [24].



a uniform Brownian bridge, under the null assumption. Thus, a lot of distribution free GOF

statistics are available : Kolmogorov-Smirnov, Anderson-Darling...

To deal with the composite assumption, it is necessary to consider first some estimates
of §. The simplest solution is surely the chi-square test statistics, when 6 is estimated by
maximum likelihood over grouped data 8. Actually, the one dimensional case has been deeply

studied for a long time. A good reference is D’Agostino and Stephens [13].

In a multidimensional framework, it is more difficult to build distribution free GOF tests,
particularly because the previous transformation Y = H(X) fails to work. More precisely,
the law of Y is no longer distribution free. Thus, several authors have proposed some more

or less satisfying solutions.

e Justel et al. [39] have proposed to use the transformation of Rosenblatt before testing
a simple GOF assumption. But their method is not really distribution free, because it
is necessary to calculate explicitly the transformation. The work is translated from the
evaluation of a limiting asymptotic variance (dependent on Hy) towards a transforma-
tion of the data set (dependent on Hp). Moreover, the implementation is computation-
ally intensive, because one needs to consider every permutations over (1,...,d) and the

extension to composite assumptions is unknown.

e Several authors have tried to replace an evaluation over a d-dimensional space by a
univariate function. Therefore, they consider some families of subsets in R? indexed
by a univariate parameter, for instance Ay = {x|H(x) < A}, A € [0,1]. Then, some
Kolmogorov-Smirnov type test statistics are available. See Saunders and Laud [60],
Foutz [26] or more recently Polonik [54]. The drawback is here to evaluate some subsets
like Ay and to choose the “best” ones. This latter point is the purpose of Polonik [54].

Moreover, extensions to composite assumptions seem to be difficult, even impossible.

e Khmaladze ( [41, 42] and especially [43]) has transformed the usual empirical process
into an asymptotically distribution free empirical process, for simple and composite
assumptions. These techniques are the most conceptually satisfying. Nonetheless, it
seems to be to difficult to adapt them in slightly different frameworks, such as copulas,

because they are based on some intricate transformations of empirical processes.

8which often necessitates some ad-hoc estimation procedures.



Actually, the simplest way to build GOF composite tests for multivariate r.v. is to consider
multidimensional chi-square tests, as in Pollard [53]. To do this, it is necessary to choose some
subsets in R¢. This choice produces some lack of power and the “best way” to choose these

subsets is questionable.

Our goal is to find a technique to solve the similar GOF problem for copulas, say to

distinguish between two assumptions :
Ho : C = Cy, against H, : C # Cp, when the zero-assumption is simple, or

Ho: C €, against H, : C € C, when the zero-assumption is composite.

Here, Cy denotes some known copula, and C = {Cp, 0 € ©} is some known parametric family
of copulas. The copula is the cdf of (F1(X1),...,F;(Xy4)). The difficulty is coming from the
fact the marginal cdfs’ F; are unknown. Particularly, the chi square test procedures do not

work anymore in general, when replacing marginal cdfs’ by some usual estimates.

For all these reasons, the general problem of GOF test for copulas has not been dealt
conveniently by authors. Some of them use the bootstrap procedure to evaluate the limiting
distribution of the test statistic (Andersen et al. [3], e.g.). Genest and Rivest [29] solve the
problem for the case of archimedian copulas, for which the problem can be reduced to a one
dimensional one ?, for which some standard methods are available. For instance, Frees and
Valdez [27] use Q-Q plots to fit the “best” archimedian copula. None of the authors have
dealt the case of time dependent copulas '°. Recently, some authors have applied Rosenblatt’s
transformation (cf [58]) to the original multivariate series, like in Justel et al. [39], before

11 Nonetheless, as

testing the copula specification: Breymann et al. [8], Chen et al. [11]
we said previously, the use of Rosenblatt’s transformation is a tedious preliminary, especially
with high dimension variables, and it is model specific. Thus the test methodology is not

really distribution-free.

Note that we could build some test procedures based on some estimates of X’s cdf by
modelizing the marginal distributions simultaneously. It seems to be a good idea, because

some “more or less usual” tests are available to check the GOF of H itself. Nonetheless, it

9see the survey of de Matteis [17]
Ywith the exception of Patton [49, 50]. But the latter author tests all the joint specification and not only

the copula itself.
HThe latter authors compare the smoothed copula density of their transformed r.v. to the uniform density

by means of a L? criterion, as in Hong and Li [40]. So their methodology is relatively closed to ours (see below
the test statistics 7).



is not our point of view. Indeed, doing so produces tests for the whole specification - the
copula and the margins - but not for the dependence structure itself - the copula only-. A
slightly different point of view could be to test each marginal separately in a first step. If
each marginal model is accepted, then a test of the whole multidimensional distribution can
be led (by the previously cited methodologies). Nonetheless, such a procedure is heavy, and it
is always necessary to deal with a multidimensional GOF test. Moreover, it is interesting to
study dependence in depth first, independently of the modelization of margins. For instance,
imagine the copula links the short not risky interest rate with some credit spreads. It should
be useful to keep the possibility to switch from one model of the short rate to another (Vasicek,
Longstaff and Schwartz, BGM...). Since this research area is very active, some new models
appear regularly, others are forgotten, and current models are often improved. By choosing
the copula independently of the marginal models, such evolutions are clearly very easy. Lastly,

no universally accepted credit spreads model has emerged yet.

To build a GOF test, a natural way would be to use to asymptotic behavior of the empirical
copula process. According to Fermanian et al. [24], we know that the bivariate empirical
copula process n'/ 2(C,, — Cp) tends in law, under the null simple assumption, towards the

gaussian process G¢,, where
Gy (u,v) = Bey (u,v) — 91 Colu, v)Be, (u, 1) — 92Co(u, v)Be, (1,v), (u,v) € [0,1]2.
We have denoted by B¢ a brownian bridge on [0, 1]2, such that
EBc(u,v)Be (v, v")] = Clu Au',v Av') — Cu,v)C(u,0'),

for every u,u,v,v" € [0,1]. Here, a A b = inf(a,b). Unfortunately, this limiting process is
a lot more complicated than with the multidimensional brownian bridge B¢,. For instance,
the covariance between G, (u,v) and G¢,(u/,v’) is the sum of 18 terms (while there are
2 terms in Bg,’s case). These terms involve Cy and its partial derivatives. Thus, GOF
tests based directly on empirical copula processes C, seem to be unpractical, except by
bootstrapping. Nonetheless, such procedures are computationally intensive. Even if the
bootstrapped empirical copula process is weakly convergent (Fermanian et al. [24]), we prefer

to propose a more usual test procedure.

3 A simple direct chi-square approach

There exists a simple direct way to circumvent the difficulty. Indeed, by smoothing the

empirical copula process, we get an estimate of the copula density. The limit of this statistics



is far simpler than G¢,. Let us consider first an i.i.d. framework.

For each index ¢, set the d-dimensional vectors
Yi = (Fl(Xi,l); e 7Fd(Xi,d))7 and

Y= (Fni(Xi1), ..., Fna(Xia)),

denoting by Fj and F}, j the true and the empirical k-th marginal cdf of X. Obviously, the
copula C' is the cdf of Y;.

The empirical copula process we consider here is

n d
ST 1 Fap(Xin) < we),

=1 k=1

instead of the “usual” copula process
Cp(u) = Fu(F, 1 (u1), ..., Fy y(uq)),

Fyy(u) = inf{t B u(t) > u).

It is easy to verify these two empirical processes differ only by the small quantity n~! at most.

Thus, it would not be an hard task to adapt the proofs to C;;.

We will assume the law of the vectors Y; has a density 7 with respects to the Lebesgue

measure. By definition the kernel estimator of a copula density 7 at point u is

= X () G (),

where K is a d-dimensional kernel and h = h(n) is a bandwidth sequence. More precisely,
[K =1, h(n) > 0, and h(n) — 0 when n — oco. As usual, we denote K;(-) = K(-/h)/h%.
For convenience, we will assume

Assumption (K). The kernel K is the product of d univariate even compactly supported

kernels K, r =1,...,d. It is assumed pg -times continuously differentiable.

These assumptions are far from minimal. Particularly, we could consider some multivariate
kernels whose support is the whole space R, if they tend to zero “sufficiently quickly” when
their arguments tend to the infinity (for instance, at an exponential rate, like for the gaussian
kernel). Since this speed depends on the behavior of 7, we are rather the simpler assumption



As usual, the bandwidth needs to tend to zero not too quick.

Assumption (B0). When 7 tends to the infinity, nh? — oo, nh**t? — 0 and

nh*t%2 /(Ing n)%/? — .

We have set Ingn = In(Inn). Assumption (BO) can be weakened easily by assuming (K)
with px > 3 (see details in the proofs).

Moreover, a certain amount of regularity of 7 is necessary, for instance

Assumption (T0). 7(u,f) and its first two derivatives with respects to u are uniformly
continuous on V(ug) x V(6y), for every vectors ug, k = 1,...,m, denoting by V(uy) (resp.

V(6p)) an open neighborhood of uy, (resp. 6p).

In the appendix, we prove :

Theorem 1. Under (K) with px = 3, (B0) and (T0), for every m and every vectors
uy,..., U, 0,1/, such that T(uy) > 0 for every k, we have
(nh)? (7 = T) (@) (70 = 7) (W) 25 N(0,8),

where ¥ is diagonal, and its k-th diagonal term is [ K2.7%(uy,).

Now, imagine we want to build a procedure for a GOF test with some composite zero
assumption. Under Hy, the parametric family is C = {Cy, 0 € ©}. Assume we have estimated
0 consistently by 6, and

0 — 0y = Op(n~"/?). (3.2)

We denote by 7(+,6p) (or simpler 7 when there is no ambiguity) the “true” underlying copula
density. Clearly, 7(u,0) — 7(u,6p) tends to zero quicker than (7, — 7)(u) under (T0) and
equation (3.2). Thus, a simple GOF test could be

~

nh® I8 (1, (ug) — 7(ug, 0))?
S= .
T2 2

T(ulm 0)2

Corollary 2. Under the assumptions of theorem 1 and equation (3.2), if T(u,0) is continu-
ously differentiable with respects to 0 in a neighborhood of 0y for every u €]0,1[%, then S tends

i law towards a m-dimensional chi-square distribution under the composite zero-assumption

Ho.

We could replace 7 by the convolution of K and 7 in theorem 1 and corollary 2. This allows
to remove the assumption nh*t% — 0. Indeed, this assumption prevents us from using the

usual asymptotically optimal bandwidth that minimizes the asymptotic mean squared error.



The points (u)k=1,..m are chosen arbitrarily. They could be chosen in some particular
areas of the d-dimensional square, where the user seeks a good fit. For instance, for risk
management purposes, it would be fruitful to consider some dependencies in the tails 2. For

the particular copula family C, it is necessary to specify these areas.

Clearly, the power of the S test depends strongly on the choice of the points (ug)k=1,. m-
This is a bit the same drawback as the choice of cells in the usual GOF Chi-square test. With-
out a priori, it is always possible to choose a uniform grid of the type (i1/N,ia/N,...,iq/N),
for every integers i1,...,4q, 1 < i < N — 1. Nonetheless, the number m will become very
large when the dimension d increases.

More seriously, the power of the test will not be very large surely. Actually, the adequacy
of the fit for a finite number of points is not a guarantee for a good adequacy of the whole
copula. That is why we propose another test statistics. This statistics will take part of the

whole underlying distribution potentially, and not only of a finite number of points.

4 The main test

This test is based on the proximity between the smoothed copula density and the estimated
parametric density. Under Hg, they will be near each other. To measure such a proximity,
we will invoke the L? norm. To simplify, denote the estimated parametric 7(-, é) density by

7. Consider the statistics
In = /(Tn — K + )} (0)w(u) du,

where w is a weight function, viz a measurable function from [0, 1]¢ towards R*. Note that we
consider the convolution between the kernel K}, and 7 instead of 7 itself. This trick allows to
remove a bias term in the limiting behavior of J,, (see Fan [19]). Note that the expectation of
Tn(u) is different from K, *7(u), contrary to the usual i.i.d. density case. This will complicate

slightly the proof.

The minimization of the criterion J, is known to produce consistent estimates in numer-
ous situations. These ideas appear first in the seminal paper of Bickel and Rosenblatt [4].
They are applied in the usual density case for i.i.d. observations. Rosenblatt [59] extended

the results in a two-dimensional framework and discusses consistency with respects to several

12Generally speaking, the tails are related to large values of each margins, so the uy should chosen near the

boundaries. Nonetheless, some particular directions could be exhibited (the main diagonal, for instance).



alternatives. Fan [19] extended these works to deal with every choices of the smoothing param-
eter. The comparison of some nonparametric statistics-especially nonparametric regressions-
and their model-dependent equivalents has been formalized in a lot of papers in statistics and

econometrics : Hirdle and Mammen [37], Zheng [66], Fan and Li [20] '3, among others.

Similar results have been obtained for dependent processes more recently : Fan and Ul-
lah [23], Hjellvik et al. [36], Gouriéroux and Tenreiro [33]... For instance, Ait-Sahalia [2]
applies these techniques to find a convenient specification for the dynamics of the short inter-
est rate. Recently, Gouriéroux and Gagliardini [34] use such a criterion to estimate possibly
infinite dimensional parameters of a copula function . Instead of for inference purposes, we

will use J,, as a test statistics, like in Fan [19].
Let us assume that we have found a convenient estimator of 6.

Assumption (E). There exists § € R? such that

n
0 — 0y = n71A<90)71 Z B(eo,Y,> + OP(Tn), (41)
i=1
and 7, tends to zero quicker than n=/2(Iny n)~'/2 when n tends to the infinity. Here, A(6p)
denotes a g X ¢ positive definite matrix and B(fp,Y) is a ¢-dimensional random vector.
Moreover, E[B(6y,Y;)] =0 and E[||B(6y, Y)||?] < co.

Particularly, under (E), § — 0 = Op(n~'/2). Typically, B(f,-) is a score function. In
section D in the appendix we prove these assumptions are satisfied particularly for the usual
semiparametric maximum likelihood estimator whose theoretical properties are detailed in
Genest et al. [29] and Chen and Fan [10]. But more general procedures can be used, like

M-estimators.

Assumption (T). For some open neighborhood V() of 6y,

e 7(u,d) and its first two derivatives with respects to 6 are uniformly continuous on
[0,1]¢ x V(6y), or

e 7(u,d) and its first two derivatives with respects to 6 are uniformly continuous on
[e,1 —¢&]? x V(p), for some £ > 0, and the support of w is included in [gg, 1 — £9]¢, for

some g > €.

3see numerous references in Fan and Li [22]

HMfor instance, the univariate function defining an archimedian copula



When 7 and its derivatives with respects of @ are uniformly bounded on [0,1]% x V(6p), w
can be chosen arbitrarily. Unfortunately, it is not always the case. For instance, by choosing
a bivariate gaussian copula density. To avoid technical troubles, we reduce the GOF test to

a strict subsample of [0, 1]¢, say w’s support.
Assumption (B). nh? — oo and nh*t%2/In2n — .
n—oo

Actually, the latter condition could be relaxed. It is sufficient to expand K up to higher
order terms. We had chosen the order 4 so that condition (B) is not too strong. But, it is

possible to exchange some degree of regularity of K against less constraints on the bandwidth.

Theorem 3. Under assumptions Ho, (T), (E), (B) and (K) with px = 4, we have

1 1 d aw
nhd/? (Jn - W/KQ(t).(Tw)(u — ht) dt du + — /T%. > /K2> n’:;O N(0,20%),
r=1

(72:/7’2u}-/{/K(u)K(u—Fv)alu}2 dv.

Thus, a test statistics could be

n2ht (Jn = (nh?) =1 [ K2(t).(7w)(u — ht) dt du+ (nh) 1 [ #20. 50, K3)2

7= A 2
272w [{[K(u)K(u+v)du}” dv

Corollary 4. Under the assumptions of theorem 38, the previous statistics T tends in law

towards a chi-square distribution.

See the proof in the appendix. Since the kernel K is even, we can replace the second
term of the previous numerator by the simpler expression —(nh?)~! [ K2. [ #w. Moreover,

the third term in the numerator can be replaced by

2 [ KO @) - mrsdrin - 55 [ 7. [ K2

This expression is a consequence of the proof, and offers surely a better approximation, even
if it is a bit more complicated.

Moreover, under some additional regularity assumptions, we could replace 7 by 7, inside
7. Indeed, it can be proved the kernel estimator of the density 7(u) converges uniformly
with respects to u on w’s support at a convenient rate. The proof requires to control the

uniform upper bound of the remainder terms Ry(u), k = 1,2, 3 that are defined in the proof

10



of theorem 1. This can be done by applying lemma B1 in Ai [1], e.g. The details are left to

the reader.

Note that our test statistics differs from similar GOF test statistics in an i.i.d. framework

with usual density functions (Fan [19], e.g.). Indeed, there is an additional term

d
(nh)_l/%Qw.Z/Kf,
r=1
in 7. This is the price to work with copulas, and to estimate the margins empirically.

Nonetheless, when d > 2, this additional term is negligible with respects to

(nh)~! / K2(t).(Fw)(u — ht) dt du.

5 Extension to time-dependent series

Now, we would relax the assumption of independence between the random vectors (X;);>o.
Actually, most of financial series are dependent, sometimes strongly. This is particularly true

for fixed income underlyings ' 16.

Now, consider a R%valued process (X;)i>1. It is assumed stationary. In practice, we are
interested in the prediction of future values knowing the past. So, we should specify and test
conditional copulas (see Patton [49, 50], e.g.). As in Chen and Fan [10], we restrict ourselves
to the particular case when the margins are unconditional. For instance, if (Z;);>1 is an
one-order Markov process, we can set X; = (Z;, Z;—1). Knowing the copula of X; and the

stationary distribution of Z; is equivalent to specify the dynamic of process Z.

It seems to be relatively easy to extend theorem 1. To be specific assume
Assumption (M). (X;);>1 is strictly stationary. Moreover, this process is 3-mixing 7,
viz
By=supE | sup |P(AIM._(X))— P(A)|| — 0,
izl | Ae M, pmee
denoting by M?, a < b, the sigma algebra generated by (X4, ..., X;). Moreover, Bp = O(pP)
for some 0 < p < 1 and every integer p.

Bthink of the dynamics of the term structure of interest rates, for instance
6By differentiating series of indices or rates, dependence between successive observations is weakened signif-

icantly but not disappears. For instance, it is well-known the covariances of squared returns exhibit significant
clustering. That is why a lot of GARCH-type models have been proposed to deal with these features, in the

literature.

7or absolutely regular

11



This assumption is commonly used, even if it is far from the weakest one (see Doukhan [18]
for some other mixing concepts). The geometric decay is encountered for a lot of processes.
For instance, Mokkadem [48] and Pham and Tran [52] show that linear stationary ARMA
processes satisfy assumption (M) under some conditions of regularity. It is the case for bilinear
models (Pham [51]), nonlinear autoregressive models (Mokkadem [48]) and nonlinear ARCH
models (Masry and Tjgstheim [46]).

Assumption (B1). hIn?n — 0 and nh®*/In*n — oc.

Assumption (T1). The density 7; j 1 of (Y;, Y, Y, Y;) exists whenever i < j < k <1,
is integrable and sup; ;< J Ti k1 < 0o. Moreover, with obvious notations,

SUP/ |75.5(a,v) — 7(u)7(v)| dudv < co.
i<j

In the appendix, we prove :

Theorem 5. Under (K) with px = 2, (B1), (M), (T0) and (T1), for every m and every
vectors 1y, ..., Wy, in |0, 1[? such that T(uy) > 0, we have

(MhDY2 (1 — K+ 1) (1), . ., (70 — Kp # 7)(upm)) 2% AN(0,5),

T—o00

where ¥ is diagonal, and its k-th diagonal term is [ K2.7%(uy).

Thus, the test statistics S can be used exactly as in corollary 2. Notice we have used
K, + 7 in the latter theorem instead of 7 itself. Indeed, to remove the bias term Kjp 7 — 7,
we need to assume nh9t* — 0. But it can not be done in our case because of (B1). We get

the test statistic

g ”hd2 i (7n (k) — Kp fT(Uk,é))Q_
JK? = 7(uy, 0)?

A natural idea would be to extend the test statistic 7 for this dependent framework.
Such an idea is surely possible. The tools we need is a Central Limit Theorem for degenerate
U-Statistics of f—mixing processes. Fan and Li [21] have provided such a tool. Moreover,
Fan and Ullah [23] have studied the asymptotic behavior of [(f, — K % f)? under the null
hypothesis, when dealing with the marginal density f of a S-mixing process. Therefore, if we
prove all the remainder terms that appear in the proof of theorem 3 are negligible, we can

state the same results for dependent series.

12



By applying the same techniques as in theorem 5’s proof, it seems to us we can achieve
this goal. Particularly, we need to use Lemma 6 to control the distance between joint densities
and products of marginal densities. Unfortunately, to state formally the result, it is necessary

to investigate cautiously a lot of terms. Since it is very tedious, we are rather to conjecture:

Conjecture. Under (M) and some technical assumptions, theorem 3 and corollary 4 are true

for B-mixing processes. Therefore, the test statistics 7 is still available.

6 A short simulation study

To asses the power of our test statistics, we have led a simple analysis by simulation. We
generate some samples whose copula is the mixture of a bivariate frank’s copula and an
independent copula, viz

(exp(—0u) — 1)(exp(—6v) — 1)
exp(—6) —1

C’gﬂ(u,v):auv—(l;a)ln(l—i— ), 0#0, a€l0,1].

More precisely, we generate iid uniform samples (U;1,U;2)i=1..200 on [0,1]%. For every
1=1,...,200, we get
Xi1 =0 Y (U;y)and X; 0 = @ 1(V5),

where V; satisfies the equality 01Cy o (U;1, Vi) = Ui 2. Thus, the random vectors (X; 1, X; 2)

have the desired copula.

We compute the test statistics S and 7 with these data sets. Concerning S, we choose
81 points on the uniform grid (i/10,j/10), 4,5 = 1,...,9. We use the convolution between K
and 7 instead of 7 itself. Concerning & and 7, the kernel is a sufficiently regular compactly

supported kernel, say

2 2
K(w = (37) TL0 - P10 € 0.1),
k=1

The bandwidths are chosen by the usual Silverman’s rule (1986) :

(0F +03)/2

h = nl/6 ’

denoting by az the empirical variance of F}, 5, k = 1,2. Note that these two variances are

the same in our case because they depend on the sample size only. The weight function w
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is chosen as w(u) = 1(u € [0.01,0.99]). The parameters of the copulas are estimated by the

usual semiparametric maximum likelihood procedure (see Shi and Louis [63]).

For different values for o and 6, we compute the two test statistics S and 7. We have made
100 replications for 200 points samples: see table 1. When « is zero, we verify the asymptotic
level 0.05 is underestimated by all but one case (thus the test is a bit too conservative).
When « increases, the percentages of rejection grow, especially for the 7 test. The latter
seems to be more powerful than S, even if this advantage weakens when the copula is more
and more far from the Frank’s copula (viz when the zero assumption is more and more false).
When « is near 1, note that the power is very weak. This is due to the fact the independent
copula belongs to the boundary of the Frank’s family (when leaving 6 to tend to zero).
Moreover, the reported powers are more and more high when 6 is larger and larger, because

the corresponding Frank’s copula becomes far away from the independent one.

These partial results are very convincing. Particularly, with very small sample sizes, the
power of the test 7 is far from ridiculous even when the proportion of perturbation is weak.
Our results seem to be better than those reported by the test 1 proposed by Chen et al. [11].
In the latter case, the powers are near zero when the sample sizes is not greater than 500 for
every level of perturbation but with a different model. Nonetheless, our results need to be

completed by a more deep simulation study.

7 Empirical results

We have tried to find a convenient copula that would describe the dependence structure be-
tween the daily returns of several couples of equity indices: S&P500 and Nikkei225, Nasdaq
Composite and Dow Jones Industrial, DAX30 and Swiss MI. These couples of indices are
considered in commonly traded basket derivatives in the equity market. Each data set con-
sists of 3,373 observations from January 1st 1990 to April 12th 2002. The data have been

downloaded from Datastream.

We will consider five families of bivariate copulas.

e gaussian copulas : C(u,v) = ®,(® " (u),® 1 (v)), 0 < u,v < 1, |p| < 1. Here, 9,
denotes the bivariate cdf of a gaussian vector whose components have unit variance and

correlation p.

14



% of noise | parameter | % of rejection (test S) | % of rejection (test 7)
0=5 0 2
0 =10 0 0
a=0.0 0=15 0 1
0 =20 0 1
0 =25 0 8
0=5 0 0
=10 0 0
a=0.1 0=15 0 7
0 =20 0 22
0 =25 0 60
=5 1 1
0 =10 1 )
a=0.2 0=15 3 36
0 =20 17 80
0 =25 31 95
0=5 3 3
0 =10 13 21
a=03 0 =15 18 67
0 =20 57 95
0 =25 84 100
=5 12 8
0 =10 21 8
a=0.6 =15 56 50
0 =20 86 84
0 =25 99 98
=5 2 1
=10 3 0
a=09 0=15 6 0
0 =20 2 2
0 =25 37 3

Table 1: Percentages of rejection at 5% level with n = 200 and 100 replications.

15



Student copulas, whose density is

T(y1,92) = F(lrj(/(;)%)m (1 + (g2 + Y2 — 2py19)/ (v(1 — pz)))_(”“)/2 ol <1, v>o0.
e Frank’s copulas :
1 N (exp(—0u) — 1)(exp(—6v) — 1)
Colu.v) = 91 <1+ exp(—0) — 1 ) , 07#0.

Clayton’s copulas :
Coplu,v) = (™ +0v= 0 —1)71% 9 >0.

Gumbel’s copulas :
Co(u,v) = exp (—[In(1/w)"/? + In(1/0)"/)") , 0 €]0,1].

Gaussian copulas are the most used in practice partly because their parameters can be esti-
mated very easily by empirical means. Moreover, they extend the simple multidimensional
gaussian framework naturally. Student copulas are of interest because they include the gaus-
sian copulas family as a limit case (when v tends to the infinity). But contrary to the latter,
they exhibit dependence in the tails. As noticed in Hu [38], the three other families represent
three degree of dependence. Gumbel (resp. Clayton) copulas allow to modelize dependence

in the right (resp. left) tails. Finally, Frank’s copulas are symmetric.

We do the assumption the sequence of daily returns are independent marginally 8. By

using the same specifications as in section 6, we get tables 2, 3 and 4.

The conclusions are the same for the two test statistics 9. All these copulas are rejected
by the test at the 1% level. Nonetheless, the Student copula seems to be the “less bad”
one, especially for the couple (S&P500,Nikkei225). At the opposite, the gaussian copulas are
strongly rejected. When Clayton’s and Frank’s copulas performances are closed, Gumbel’s
copulas provide a worse fit: The strong dependence between large negative returns can be

explained partly by the former ones, contrary to the latter.

Beven if it is a crude approximation: see ARCH, GARCH, stochastic volatility models...
9the critical values for 7 are 3.84 and 6.63 at the levels 5% and 1%. For S, they are respectively 103.0 and

113.5.
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copula family | 7 S estimated parameters
Student 6.30 | 914 v =15.6, p=0.13
Gaussian 38.3 | 430 p=0.12
Clayton 5.26 | 142.0 6 =0.16
Frank 5.00 | 142.4 0 = 0.80
Gumbel 5.30 | 129.7 0 =0.93

Table 2: Goodness-of-Fit test for the copula of the joint returns (S&P500, Nikkei225).

copula family | 7 S estimated parameters
Student 41.2 | 194 v =4.15 p=0.68
Gaussian 73.0 | 965 p=0.67
Clayton 35.8 | 481 6 =1.30
Frank 27.0 | 974 f = 5.50
Gumbel 78.0 | 7518 6 =0.55

Table 3: Goodness-of-Fit test for the copula of the joint returns (Nasdaq, Dow Jones Ind).

copula family | 7 S estimated parameters
Student 42.8 | 250 v =3.73, p=0.67
Gaussian 69.3 | 1374 p=0.67
Clayton 27.5 | 604 6 =1.36
Frank 24.0 | 873 =525
Gumbel 67.8 | 6347 6 = 0.56
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A Proof of theorem 1

We will prove that the behavior of 7,,(u) is the same as the behavior of

7 (u) =n"t ZKh (u—-7Y;),
i=1

for every u. Indeed,

m(u) = 7 (u) + (;2) S (dE)p(u—Y,). (Yo — X))
i=1
+ f:(dQK)h(u —Y).(Yni — Y)? + (=1) f:(di”K)h(u — Y5 ) (Y — X))

2nh? =
= 75(u) + Ri(u) + Ra(u) + Rs(u),

6nh3 P

for some random vector Y7, satisfying [|Y}, ; — Yi| < [[ Yy, — Y| ae.
Let us first study R;(u). Its expectation is O(n~'h~!). Moreover

E[R}(u)] = th ZE [(dE)n(u—Y3).(Yni — Y5).(dK)p(u = Y;).(Yn; — Y;)]

7]

= nWZZE [(dE)p(u—Y3).(1(Y), < Y3) = Yi).(dK)p(u = Y;).(1(Y,: < Y5) = V)]
uj kil

We will denote by 1(y < u) a d-dimensional vector whose k-th component is 1(yx < uy). The
expectations of the summands are zero, except if there are some equalities involving k and I.

For instance, assume k = [ # i # j. Let us note that

E [(dK)h(u - Y])(I(YZ S Y]) - YJ)‘Yl = yi] = /(dK)h(u - V).(l(yi S V) - V)T(V) dv

v).(L(yir < vp) —vp)7(V)dv

I
M=~

\3
Il
—

/ yz r < Uy — hUr) Ur + h?)r)T(ll - hV) dv
/ vr < (tr — yir)/h) — up + hop){7(w) + hp(u, v)} dv,

i Ma M=

where 1 is a bounded compactly supported function, for n sufficiently large. Since we assume
K is the product of some univariate kernels K, r = 1,...,d, we get for every couple (i, j)

with ¢ # j,
E[(@K)n(a = Y,)- (Y £ Y)) = Y)|Ys = yi) = r(w) YK (M50 ) 4 00).ow)

where ¢ is bounded, compactly supported and independent from y;.
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Thus, the corresponding term in E[R?(u)] is
e {rw s (5

. {T(u)zs:Ks (“ —

- i {sn < )Ks

y) dyr} +0(n'h™) = Of !

) +O(h)é(u )}

)= o(n 1Y),

by some usual changes of variables with respects to ¥, and ys. The other equalities between
i,j,k and [ provide a similar conclusion. Thus, the variance of Ri(u) is o(n~'h~%), and
Ri(u) = op(1/vnhd).

The study of Rg(u) is similar. We get by the same method E[Ry(u)] = O(n"'h=2) and
E[R3(u)] = O(n"2h™%), hence Ra(u) = op(1/v/nh?). Since,

1 1/2
I¥0i — Yilloo = Op (( n;”) ) , (A.2)

we deduce directly R3(u) = Op(h=3~%n=3/2, lng/2 n), which is op(n=1/2h=42) if nh3+4/2 lng/2 n

tends to the infinity when n — oo. Thus, under our assumptions,

(W) = 7 (1) + op (1) .

nhd

Moreover, Bosq and Lecoutre’s [5] theorem VIII.2 provides the asymptotic normality of

the joint vector (nh®)Y/2((r} — 7)(uy),..., (7} — 7)(u,,)). This concludes the proof. O.

n

B Proof of theorem 3

Clearly,
J, = / (7 — Kp # #)2(w)w(u) du
_ / (T — Em)w + 2 / (7 — Em)(0).(Emn — K % 7)(w)o(u) du

+ /(E’Tn — Kj, * %)2w

/(Tn—ETn)2w+2J[+JH. (B.l)
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The main term of .J, will be

2
1 n
n i=1
1 n
= 2 / (Kn(a—Yni) = EKp(u—Yyi)) . (Kn(u—Yy;) - EKy(u—Yy;))w(u)du
3,7=1
Thus,
1o 2 . .
Jn - ﬁ z:l/ai’iw - ﬁ Z/an,ian,jw = Jn,l + ‘]n,2 ) (B2)
1= 1<J

where we have set

an,i(u) = Kh(ll — Yn,z) — EKh(u — Ynﬂ)
Intuitively, a,;(u) is close to
ai(u) = Kh(u — Yz) — EKh(u — Y,)

For technical reasons, we will need to expand the difference between the two latter terms up

to the fourth order, viz
am-(u) — ai(u) = bn,i(u) + cm(u) + dm(u) + em-(u),

bn,i(u) = ﬂ [(dK)h(u — Yz)(Yn,z — Yl) — E(dK)h(ll — Yz)(Yn,z — Yl)} 5

h
Cni(u) = 27]112 (PR )p( = Y3).(Yni = Y0) @) = B K)n(a = Y)Y = Y5) )],
dpi(u) = (ghlg) (PR = Y3). (Y = Y0) &) = B K)n(u = Y3).(Yos = Yo

1
eni(W) = 50

(@ K= Y0 (Yo = YD = B@K)n( = Y)Y = Yo) I

for some Y:ml that lies between Y; and Y,,; a.e. Most of the sums involving the previous

terms will be negligible with respects to 1/(nh?).

B.1 Study of J;,

Now

. 2
Tn2 =3 > / [@i + b + Cnji + dni + engl - [a 4+ bnj + cng + dnj + englw

1<J
2 2
= ﬁ Z / a;ajw + ﬁ Z /(aibm]’ + ajbn,i)w + ...
1<j i<j
From Hall (1984), it is known that
nhd/2 1 law 1 )
— a‘aw—>7j\/‘()70— , B.3
2 n? ;/ v 22 ( ) (B.3)
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02:/72w-/[/K(u)K(u+v)du 2dv.

Therefore, the main term of Jj 5 seems to be of order O(n~'h=%2). We will check it by

studying the terms of the expansion of .J; 5 successively.

B.1.1 Study of T, = 2n 2 i< J aiby jw

Note that the expectation of T}, is not zero, because some Y; appears inside b, ;, for every j.

For convenience, set

-1) « :
bn,](u) = W ;- bn’j’k(u), Wlth
bn,jk(w) = (dK)p(u—Y;).(1(Yr <Y;) = Y;) — E[(dK)p(u—Y;).(1(Yr <Y;) - Y;)].
Moreover,
-9 n
T, = m Z Z /aibn,j,kw
1<j k=1
-2 n
= (n3h) {Z Z /aibn,j,kw—i—Z/aibn,jﬂ-w+Z/aibn7j7jw}
1<J k#i,k#j i<j 1<j

= 17U 472 476

First, let us study TS). Its expectation is zero. Its variance is

BITOP) = 55 30 5 [ Bloiy ()b, (1), (02 (02 () s o

Sk T NI o SR
The first of these terms is
Vogi) = ﬁ Z/ {Kh(ul —-yi) — /K(V)T(m — hv) dv} . {Kh(ug —yi) — /K(V)T(ug — hv) dv}
{(dE)n(u1 —y;).(1 —y;) = E[(dK)p(ur = Y).(1 = Y)]} - {(dK)p(uz — y;)-(1 — y;)
— FEl(dK)p(u2 —Y).(1 =Y)]} 7(yi)7(yj)w(ur)w(uz) du; duy dy; dy;.

The “hardest” term among the latter ones is

n64h2 Z/Kh(ul —yi)Kn(uz2 — yi) (dK)p(u1 — y;)-(1 — y;)-(dK)p(uz2 — y;).(1 —y;)
T(y:)7(y;)w(ur)w(uz) dy; y; duy dug
= o Y [ K@K+ 30)(@K),)-(0 - w +h3)

(dK)(le + S’j).(l —u; + hS’j)T(ul — hS’i)T(ul — hyj)w(ul)w(U1 + hflg) dy; dS’j du; dus.
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Since K is compactly supported, clearly, we can assume every variables belong to some
compact real subset. Thus, the latter term is of order n=*h=27%. Tt is o(n"2h~%) since nh
tends to the infinity when n is large. The seven other terms of V(l) can be dealt similarly.

Actually, they are even of a weaker order (we win an extra factor h%). Moreover,

VOE,?)Q) = n6h2 Z/{Kh up *yz /K 111 *hV) dv}

{Kh(ug —y) - /K(V)T(u2 ~ ) dv}
{(dK)p(ur —yi).(1 —yi) — E[(dK)p(ur = Y).(1 = Y)]} - {(dK)p(u2 — y;).(1 - y;)
— E[(dK)p(uz = Y).(1 = Y)]} 7(y:)7(yj)w(ur)w(uz) duy dus dy; dy;.

Working exactly like V( 1), we can show V(2) = O(n~*h=279). Thus, we have proved that

1
3) _

Second, let us study 7, o(‘z)' Recall that
-2
1 = (5 )3 [ @@~ Y)Y £Y,) - Y uu) du
1<)
The expectation of this term is not zero. By applying equation (A.1), we obtain

)= "0 ) [eli vy - Bl - )

d
<7’(u) Z K, (ur_hY”) + O(h)qﬁ(u))}w(u) du

r=1

_ ﬂ(l -2 Z {/(Kh(u —y)— EKp(u—-Y)]) K, (Urh—yr>

7(y)T(u)w(u)dudy + O(h)} = (hZ/K2 /T w+O0mn™h.

Note we have used the fact that the density of Y, is uniform on [0, 1].

The order of the expectation of T.2) is then (nh)~'. Unfortunately, it is not o(1/nh%/?)

when d = 2. Nonetheless, its variance will be small enough so that we can consider this term
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is reduced to its expectation. Indeed,

4
Var®) = oy Y / Eas, (w) (dK)n(w1 — Y5,).(L(Ys, < Y5,) — Y5)
11<J1,12<J2

Ay (uQ)'(dK)h(UQ - sz)'(l(YiQ < sz) - Yj2)
—  Elai, (w1)bnj, i, (a1)]- Ela, (02)bn gy i (u2)]}w(u1)w(u2) duy duy

S I ONIE SR R S

11<J1,02<j2,t1=t2  11<J1,02<j2,01=J2  11<J1,02<J2,J1=t2 11<J1,02<J2,J1=J]2

VA + v+ v+ v

Q,

Let us study the first of the previous terms.

v = ﬁ | Z | /{Kh —¥iy) /K 7(u1 — ht) dt}
{ (w2 — yi;) /K 7(ug — ht) dt} {(@K)(¥;,)-(1(yi, < wi —hyj,) — (w1 —hyj))}
{(dK)(¥5,)-(1(yi, <ug —hyj,) — (w2 — hy;,)) } 7(yi ) 7(w1 — hyj, ) 7(ue — hyj,)

w(u)w(ug) duy dug dy;j, dyj, + O (nﬁlfﬂ . Zi) .
The remainder term corresponds to the case iy = 42, j1 = j2. The main previous term of V( )
can be expressed as a sum of four terms. The first one involves the factor K (a1 —y;, ). Kp(u2—
Vi, ). The second (resp. the third) one involves the factor Kj(u; —y;,) (resp. Kp(ug —yi,))
only. The last one has no such factor (viz no more denominators h~%). If necessary, we
can set one or two changes of variables among y;, = (u1 — y4,)/h, ¥i, = (w2 —yi,)/h or

@iy = (up — uy)/h. It allows to clear all the factors h~¢. Thus we get easily,

2) 1 3 1 _ 1
Voz,l =0 <n6h2 n ) + O (n4h2+d> =0 <n2hd 5 (B4)
since nh tends to the infinity. The three other terms VOE l), I =2,3,4 can be dealt similarly,

because there exist always four free variables (u;, ug and three ones among i1, 72, j1, j2) that
can be used for some change of variables. Like previously, all the factors h~¢ disappear. To
conclude, V%) = O(1/(n3h?) + 1/(n*h**+%)), and

2) _ 2 _ 2
T§>_ET(§>+OP( hd/2>_ - /TwZ/K +0p( hd/2)

Now, let us deal with T(gl). Recall that

=LY S [t

1<j k,k#i,k#£j
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(1)

Clearly, T’ is centered. Moreover, its variance is

B -5 X X ¥ %

11<g1 12<j2 k1#£11,51 k2#i2,j2

E [ (@ibuia) (1) - (@iabnjors) (a2)eo(oan () dusy .
A lot of the latter terms are zero. The only nonzero terms appear in the following cases :

[ ] kl :ig and k'Q :’il,

k‘l = ]432 and ’L'l = 'L’Q,

k1 = ig, kQ = j1 and il = jQ,

kl = j2, kg = il and i2 = jl,

k1 = ja, k2 = j1 and i1 = ig,

° ]{:1 :kQ, il :jg and iQZjl.

(1)

Thus, the variance of T’ is the sum of six terms, denoted by chll), l=1,...,6. Assuming

that there are no other equalities except k1 = i9 and ko = i1, the first variance term is

4
Vel =3 2

TL
i1,i2,i1 712

{ (1 — ys) /K —ht)dt}.{Kh(ug—yh)—/K(t)T(uQ—ht)dt}
{ 7(u) ilK ““y’””)wmw } { iK (M)www(m)}

s=1
7(yiy)7(yi, Jw(ur)w(uz) dy;, dyi, duy dus.

This sum can be split into 16 other terms. The main one is

Ulr — Yior
n4h2 > /Kh = Vi) Kn(ug — yi,)7(w1) K <1hy2>

TS 41,42

U2s — Yiys
T<u2>Kr (#2550 ) i) s oo (w) s, v s

Uty — U2r + Afiyr
 AR2 ZZ/K (¥i) YZQ)T(ul)KT( - 2h iz )

T8 11,12

Us — U1s + h¥iys ~ ~ ~ ~
T(UQ)KT < 2 lh Yin > T(llg — hyiQ)T(ul — hyil)w(ul)w(uz) in1 dyi2 dU1 dlIQ

If r # s, set the change of variables @y, = (u1, — ug,)/h and 15 = (u1s — u2s)/h to get an
extra factor h?. If r = s, we obtain only one factor h. Thus, the previous variance term is
O(n~*h=2.n%h) = O(n=2h~'). This is o(n=2h~%).
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(1

Imagine we have some other equalities between the indices i1, 2, j1, jo, k1 and kg in V,
For instance j; = j2. This would not be a problem because we gain a factor n and we can
always remove the annoying factor h~¢ by some change of variables with respects to uj, us
and the variables y. Thus, we get the order O(n"h2.n%) = o(n=2h~9%).

(1)

The 15 other terms that are coming from the expansion of V,, | can be dealt similarly.
Thus, V()E}l) = o(n~2h~9).

Another critical term should be

VOEIQ) = n6 DI /E[(aibn,ﬁ,k)(m)(aibn,jz,k)(W)]W(U1)W(U2)dU1 duy.

1<j1 1<y2 k,k#4,51,52
Since k is different from all other indices, this equals

DI |

1<j11<j2 k

{Kutwr =y = [ KOt = w0y e} { Ky = 30— [ K(r(us — he) ae)
(dK)h(ul - Yj1)'(1(Yk < le) - le) : (dK)h(UQ - sz)'(l(Yk < ij) - sz)
T(yi)T(¥2)T(¥ )7 (Yr)w(ur)w(uz) dy; dyj, dy;, dyy du; dug

_ nfhzzz/{ 54 hd/K ul—ht)dt} {Kh(uz—ul—khyz /K ug—ht)dt}
{ r(uy ZK (fr e y’“‘)+0<h>¢<u1>}~{r<u2>séfe (“25;3”“)+0<h>¢<u2>}

T(w —hyz) (yr)w(ur)w(uz) dyi dyy duy dus.

We have assumed there are no additional equalities between i, j1, jo. By setting htia = ug—uy,
we remove the factor h~%. Moreover, by setting htii, = w1, — Ypr, We get an extra factor h.
Thus, the term if of order O(n=*h=2.n2.h = o(n"2h~%). When there are some other equalities
between the other indices 7, j; and j2, we gain a factor n even if we lose eventually a factor h%.

In every cases, the order of these terms is lower than n~2h~9. Therefore, VOEIQ) = o(n"2n79).

All the other terms Vogi), Il =3,...,6 are simpler. Indeed, with respects to V( 1) , there is
an additional equality between the indices. At the opposite, it should be harder to remove
all the four terms A~%. Actually, it can be done at least three times over four, because there
are always two free variable y (at least), and we have u; or us at our disposal too. Thus, all

these terms are O(n~%h=2.n3h=?) = o(n~2h~?) since nh? tends to the infinity.
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Therefore, the variance of 7V s negligible with respects to n=2h~¢ and TV =0 p(1/(nhd/?)).

To conclude,

T, — (;}?/T%.é/fﬁ +op (mlcl/?) . (B.5)

B.1.2  Study of T = 2n"2Y,_; by by jw

Note that

Ty = rth 3 Z/{(dK)h(u =Y3).(1(Yre < Y3) = Yi) = E[(dK)p(u = Y3).(1(Y, < Y5) = Y)]}
i<j kK
{(dK)p(u—Y;).(1(Yr <Y;) = Y;) = E[(dK)p(u - Y;).(L(Yr <Y;) - Y;)]}w(u)du

The latter term needs to be considered with respects to the potential number of equalities

between the indices i, j, k, k.

No equalities between i, 7, k, k' : Tél)

Thus, the expectation of the corresponding term is zero. Moreover, its variance is

ﬁ PO IEDD > B / (dK)n(mr = Yi,).(1(Y, < Y3,) = Yiy)
11<J1 12<J2 k1£k|#i1,51 ko £k, #i2,52
(dE)p(ur = Y;0).(1(Yy, < Yj0) = Y50).(dK)n(uz = Yiy).(1(Yg, < Yiy) — Y5,)
(dK)n(uz = Yj,).(1(Yyy < Yj,) — Y, Jw(ug)w(ug) duy dus.
The expectations are zero, except if there are some equalities between our eight indices. More
precisely, the equalities have to concern all the indices k1, k{, ko, kb, otherwise the correspond-

ing term is zero. This provides the following cases :
o ki = ko and K] = Kb,
o ki = kb and K} = ko,
o ki =io, ko =iy, k| = kb, or their variations,
o ki =io, ki = j2, ko =1, k5 = j1, or their variations.

The corresponding variances are called Vﬁ(lj), j=1,...,4. Let us deal with the first configu-
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ration. It provides the “variance-type” term

n8 4 Z Z ZE/ dK )'<1(YkSYil)_Yh)(dK)h(ul_le)

11<J1 12<J2 k#k’
(1Y < Y,) = Y5,) (@K (0 — Y ) (1(Ye < Yi,) — Y,)

<dK> (0 = Y- (1Yo < Y) = Yool () oy

— nS >N ZE/{ 7(uy) ZK (ulr Ykr)-IrO(h)(ﬁ(ul)}

11 <Jj1 12<j2 k#k’

{ () ZK (1w Yo Yk">+o<h>¢<ul>}-{7<uz>gf<s (“%;Y’“)wmw(uz)}

Uls Y/ ’
{ lIQ Z K ( Ls Ws ) + O(h)(ﬁ(llg)}w(ul)w(lu) du1 dlIQ.
The main member of the previous expansion is

n84ZZZZE/ (u) K, (W)KT’<W>

11<J1 12<j2 k#k' r,r',s,s’

s Y s s Y /sl
2(w)K, (th> K. (th) W Jw (1) duy dus

The “worse” situation occurs when r = s and r’ = s’. In this case, we get

n8h4 Z Z Z / ul (Ulr ; ykr) Kr’ (Ulr’ ;lyk’r’> 7_2(u2)

11<J1 12<J2 k#k'

U2y T Uy — Yk/r!
K, (thk> K, (2hyk) T (Yper ) T (Y )w (11 )w (u2) dug dug dygy dygr,

- U — Uy + Ak
= XX Y [P O0E ) Ko ) ) ()

11<J1 12<J2 k#k'

Ky <u2r ul; + hyk’r’

> Ty (ulr - hgk'r)Tr’ (ulr’ - hgk’r’)w(ul)w(UQ) duy duy dgk'r’ dgk;’r"

By setting htio, = uo, — u1,, we get an extra factor h. The previous variance term is then
O(n=8n=1.n% = o(n?h=%). Thus, Vﬂ(ll) = o(n"2n79).
The variance term VB(IQ) corresponding to the case k1 = kb and k] = k2 can be dealt exactly

as V(l) The third one, V[;lg), is

ngh4 > 2 ZE/ dEK)n(uy — Yi,).(1(Yi, < Yi,) = Yo, ) (dE)p(ur — Y;,)
11<j112<j2 k

(1(Yr <Y;) = Y;)(dK)p(u2 — Y5,). (1Y <Y5,) —Y5,)
(dK)p(uz — Yj,).(1(Yr <Yj,) — Yy, )w(urw(uz) dug dus.

It can be bounded easily : Vﬁ(lg) = O(1/(n®h*) - nb) = o(1/(n?h%)), since nh? tends to the

infinity when n is large.
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V(14) and the other variance terms that are obtained by adding some equalities between

the indices can be dealt similarly. All of them provide negligible terms. To conclude,
(1) _ 1

Only the equality k = k' : T[_SQ)

We get
T = n42h2 3 / (dE)p(u=Y,).(1(Yr < Y) =Y ) (dK)p(u=Y;).(1(Yr < Y;)—Y;)w(u) du.
i<j ki,j

Its expectation is nonzero. More precisely,

d
1 i 5 P () oo
d Us — Yis }
(u K, —=———% O(h)op(u) p w(u) du
{H;(}Z%<w>u
2
- nw{ZZ DRI Z}+0<n‘2>

r#si<j ki T=Si<j ki,j

= EJ) +ED) +0(n?).

By setting hyg, = v, — Yyir and hyjps = us — Yrs, We get easily

2 1 _
EJ =0 (n4h2 - h2> = 0(n"?).

(2)

Concerning EY, one change of variables only is possible. It provides
& Fp.1s

E(z)—QZZf/ 2 >K2(““_y’“”) (W1(ysr € [0,1]) dud
B2 pAp2 7o), A w(u)1(yer € [0,1]) dudyy,

i<j k#i,j r=1

_ %;/Kf/#wﬂ(nlh),

for n sufficiently large. Therefore, the expectation of T éZ) is not o(n~'h=%2) (in the case

d = 2). Let us deal now with its variance. To lighten the notations, we set

60(11) =F [(dK)h(u — Yl).(l(Yg < Yl) — Yl)(dK)h(u - Y2).(1<Y3 < Yg) — Yg)] .
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Therefore,

VarTP)= oo S Y Y B (@K - Vi) (Y £ Yi) - Vi)

11<J1,i2<j2 k17i1,51 k2#i2,j2

(dEK)p(ar — Y;,)- (1Y, <Y5) —Yj) —eo(un)} - {(dK)n(uz — Yi,).(1(Yk, <Y5,) — Y5y)
(dK)p(uz — Y;,)-(1(Yk, <Yjy) —Yjy) — eo(uz) Hw(ur)w(ug) dug dus.

When there are no equalities between the indices 71, j1, k1, 22, j2, k2, the corresponding expec-
tation is zero. At the opposite, there could be one, two or three equalities between them. In
every case, it is always possible to make some changes of variables with respects to y;, and
¥j,- Moreover, it is possible to set hip = us — uy, as previously. Thus, it is easy to verify

that

Var(T[(f)) =0 ( - (n® + n4hd)> = o(n"2h™9).

n8h

Thus,

(2 _ 1 2 [ 2 ~1p—d/2
Ty —nh;/Kr/quLoP(n h=4?).

Only the equality k =i or j (or k' =i or j) : Tﬁ(g)

The expectation is zero and the variance can be dealt exactly as in the latter case.

Two equalities, or more, between the indices : T;;Q

To fix the ideas, imagine there are two equalities between our four indices. It means ¢ = k
and j = K/, or the reverse. It is obvious to bound the expectation of Tﬂ(4) by O(n=*h=2.n?) =

o(n~'h=%2). Moreover, the variance is clearly O(n~8h~%.n*.h=%), by the same calculations

as previously. Thus, Té4) is negligible with respects to n~ih=4/2 in probability.

To conclude,

Tp = % Z/Kf /T% +op(n"th™?), (B.6)

B.1.3 Study of 2n 2 ZK]- a;cn jw and on—2 ZKJ- aidy, jw

To deal with these two terms simultaneously, denote

Tom= o S [ {Kalu=Y0) — ERy(u— Y0}

i<j k1yeonskim
{(d"K)n(a—Y;).(1(Yr, <Y;) = Y;) ... (1Y, <Y;) —Y;)

— E[(d"K)n(u—-Y;).(1(Yk, <Y;) = Y;)... (1Y, <Y;)]}w(u)duy,
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for m = 2,3. All the summands are centered, except when there are some equalities involving
all the indices k1, ..., k, and i (at least).

By splitting 7% ,,, we get several terms. If all the previous indices 4, j, k1, ...,k are
different from each other, the expectation is zero and the variance is

V’Y(}V;l n4+2m h2m Z Z Z Z

11<J1 12<j2 k1,....km k17 -k

E [ {Knw = Yi) ~ ERp(w = Yi)} - {Kn(us = Y = EK(us ~ Ys,))
{(d™K), < ~Y5).(1(Ys, < Y5) =Y (1Y, <Y5,) = Y;,)}
{(@"K)n(uz = Y5, (1Y < Yj) = Vi) oo (1Y, < Y35) = Vo) fw(ur)w(ug) duy dus,

The corresponding terms are zero except when there are some equalities involving all the
indices ki, ..., km, Kk}, ..., k], and i1,i2. There are at least m + 1 equalities. Moreover, there
are always three “free” random variables at least, viz three integrations with respects to
some y are available. It is possible to gain another factor h% by the change of variables

hty = uz — u;. Thus, in every case,

v — o (1 . n4+2m—(m+1)> 0 (1) '

v,m n4+2mh2m n1+mh2m

This quantity is o(n~2h~%) when m = 2,3 since nh? tends to the infinity when n — oo.

Imagine now there are some identities between the indices i, j, k1, . . ., k. The expectation
of the corresponding term is zero, except if these equalities involve all ¢, k1, ..., k,. When
m = 2 (resp. m = 3), two equalities at least are necessary. This implies the expectation is
O(n=2""h=mn™) = O(n=2h~™) = o(n"'h~%2). Moreover, its variance can be dealt exactly

like Vw(l% Thus, we have proved
1
Tym = op <nhd/2> )

B.1.4 Study of 2n~? Ziq Cn,iCn,jWs 2n~2 ZKJ» Cn,ibp jw and the other terms of the

when m = 2, 3.

same type.

To deal with these terms simultaneously, denote

Tsmp = n2+m+phm+pz D / {(d™ K (u—Y:).(1(Yy, <Yi) —Y5)

1<) kla JKom 117 7l

(1Y, <Yi) = Yy) = E[(d"K)p(u = Y4).(1(Yy, <Y5) = Yy) ... (1Y, <Yj)]}
{(@E)n(u = Y).(1(Y,, <Y5) = Y)... (1Y, <Y;) - Y))
— Bl K)n(u - Y)Y, <Y) = Y;) . (1Y, < Y))]pw(u)du,
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formand !l =1,2,3, m+p > 3. All the summands are centered, except when there are some

equalities involving all the indices ki, ..., kp, and l1,...,1, (at least) .

Imagine we are dealing with all the terms of the previous sum corresponding to different
indices. Thus the expectation is zero and the variance is a sum over 4 + 2(m + p) indices
(denoted by 1,42, j1, j2, k1, k1, - Kms Ky, 11514, -+ -, Ip, I, with obvious notations). Nonzero
terms occurs when all the k,&’,] and [’ indices are matched. At least, this provides m + p
equalities. Moreover, there are always three opportunities to make some usual changes of
variables and to remove the factors h%. When this factor appears, it means we have an
additional equality involving ¢ or j indices. Thus, we win an extra factor n. Therefore, the

variance is

1 dtmp | 3+metpy —d
o <n4+2m+2phm+p -(n P4 ntTPRTE) )

In every case, this is o(n=2h~9).

Now, imagine there are some equalities between ¢, j, k1, ..., kmn,l1,...,l,. The variance of
such a term can be dealt as previously. It is sufficient to verify that its expectation is negligible.
This expectation is a sum of terms that are nonzero only if there are some equalities involving
ki,....km,li,...,lp. If m 4 p is even, there are at least (m + p)/2 equalities. If m + p is
odd, there are at least [(m + p)/2] + 1 equalities. In every case, the factors h? disappear
by some changes of variables with respects to y; and y;. To summarize, this expectation is
O(n=(m+2)/2p=m=P) (resp. O(n~[m+P)/2=1p=m=P)) if ;4 pis even (resp. odd). These terms

are o(n~'h=%42) if nh® — co.

Thus
T B 1
sm,p — OP W .
B.1.5 Study of the remainder terms
These terms are like 2n 2 Yi<j@ien jw. Actually, every term that involves e, ; is negligible.

For instance

Cst n? In3 n
P vl 2
2072 Y aiengw| <~ o 'Sl;p"Yn,j —Yjl =0Or <n2h4+d> :

1<j

This term is op(n~"h~%?) under (B).
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Thus, we have got

\ V2

n,2 — hd/2

_ ;@2 /TwZ/K2+op( hd/2> (B.7)

where N, tends in law towards a gaussian r.v. N'(0,0?).

1

B.2 Study of J;,

With the previous notations

Tia= a2 [ate= /[awbn,ﬁc;,i]%

7

= 3 Z/ a + 62 71-)2 + 2aibn,i + anﬂ‘c;’i + 2(12‘0;’@-} w,

where the expansion of K has been stopped at the second order. We denote

. 1
CTL,i (u) 2h2

1 9 Inos n
o) —on (1)

Therefore, it is easy to bound [ a;c;, jw, [ bnc), ;w, and f(c;l-)Qw. All the corresponding terms

{(@E)n(a =Y} ). (Yo = Y0P = B(dK)n(u = Y}).(Ya, — Y) 2]}

in Jy; ; are negligible if

Ingn ln3/2 In3n 1
n2hd+2 nd/2pd+3 = p3pd+4 << nhd/2’

This is satisfied under condition (B). The main term of J; | is provided by [afw. Note
that

1 5 h?
=~ | ® /Tw+0<nhd>’

since K is even. Moreover, the variance is

V= nﬂEZ/ l{Kh(ul Y — /K(t)T(ul - ht)dt}2
_ E{Kh u; — /K T(u; — ht)dt}j l{Kh uy — /K T(ug — ht) alt}2

— K (ug — K(t)7(uy — ht) dt i w(ur)w(uz) duy dus.
s {sitwr ) [ e
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The non zero terms are obtained when ¢ = j. By the change of variables hy; = u; — y; and

hily = uy — uy, it is easy to verify that V' = O(n=2 - h=2%). Thus, since nh? — oo, we get

%Z/a?w: #/Kz(t)(m)(u—ht)dt+0p(n*1h*d/2).

Let us consider now T'=n"2Y"; [ a;b,w. Its expectation is

E[n_22/aibn,iw] = n_l/E[albml]w
_ (71_22) /{Kh u-y /K u—ht)dt}
- {dK)p(u—y).(1 — E[(dK)p(u=Y).(1-Y)]} 7(y)w(u) dudy

_ ngzﬁd/{ /K u—ht)dt}.(dK)(v).(l—u—hv)
7(u — hv)w(u) dvdu + O(n=2h71h).

Thus, this expectation is o(n~'h~%2). Moreover, its variance is

VCL’I“( ) n4EZ/al up aJ(u2)bnl(u1)b ’J(UQ) (ul) (112) dlI1 dll2 — [T]2

= EE/C“ (ul)al (u2)bn71(u1)bn71(u2)w(u1)w(u2) du1 dlIQ — E[T]2
= nglth/a1<u1)G1(UQ)<dK)h(ul — Yl).(YnJ — Yl)
(dEK)p(uz —Y1).(Yp1 — Y1)w(ur)w(uz) dug duy + O(n74h72—2d)

We get immediately, using an a.e. upper bound for the empirical process and three changes

of variables,

Var(T) < o [ lar(un)as ()l | (@8 )al% (as = Y1) |8l sz = Y1)

Y1 — Yileow(up)w(ug) duy dug + O(n=*h=2724)
Cst i Inon
n3h?2 hd n

The latter upper bound is o(n=2h~%). Thus, we have proved T = op(n~'h=4?).

It remains to deal with n =23, [ bfm-w. By a change of variable with respects to u, we get

directly the upper bound
1 1 Ingn
-2 2 2 _ —17 —d/2
n % /bmw—Op(nhQ-hd- - )—OP(n h=4/2),

if nh2td/2 /Ingn — oo. The latter condition could be relaxed by a more cautious analysis of

the latter term, as done previously. It is useless, facing the set of technical assumptions we

have already done.
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To conclude,
. 1 ) 1

B.3 Study of J;

Recall that
Jr = /(Tn — E1,).(ETy, — K * T)w, and

To(u) — BTy (u) = 12/“2 ) + b ;(w)]w(u) du, with

b = CO S L@~ Y30 (Yo = Y0) = BI(dK (0 — Y3, (Yoi Y2}
=1

for some random variable Y7 ;.

1Yy — Yil| <[[Yn; — Y| ae. Thus,
Jr = / {i;[ai(u) +b:1,7;(u)]} . {Eﬁ;ﬂ-(u) — K+ (7 — T)(u)}w(u) du
- - Z / ai(u) K+ (7 — ) (w)o(u) du + - Z / a;i(0) EB; ;(w)w(u) du
+ *Z/b w) K # (1= 7)(ww(u) du + — Z/b w) E; ;(w)w(u) du

= 70+ M+ a?P 0P,
by denoting
o) = S @m0 - v (- Y0,
Clearly
#(u) — 7(u) = 8p7(,09)-(0 — 0o) + 271937 (1, ).(6 — 6p)?, (B.9)
for some 0, ||0 — 6o < [|0 — 6o|| a.e. Implicitly, # depends on u.

B.3.1 Study of JI(O)

Note that
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Actually, the latter random quantity 6 depends on u—hv. The first previous term J I(Ol) can be

dealt exactly as in Fan [19]. This author has assumed 0 is the maximum likelihood estimator
of 6, which implies B(fp,Y;) is a score function. Actually, by reading carefully her proof, we

notice we need only B(fy,Y;) is centered and belongs in L2, viz our assumption (E). Thus,

JI(OI) = Op(n~1). Moreover, by some change of variables,

Cst
J<0>||<*Z / K@) ()|05(Y: — bt — v, 0) (Y — ht) dixdv. 6 — 6o >

To bound the previous right hand side, we could assume

E [ sup 1037(Y; —u,0)| - |w|(Ys — v)| < 0. (B.10)
{(w,v.0)|[[ul|+[v]|<2h,[|0—60|<e}

This assumption is satisfied under the stronger condition (T), for n sufficiently large.
Thus, under (B.10), we get
I = 0p (10— 6]%) = Op(n~"
12 = Op([0 = 0o]]") = Op(n™").
B.3.2 Study of J\"

=G0y [ e EI@K)a(a = Y1).(Yoi — Yo)Jo(u) du.

Clearly, this term is centered. Note that, by a limited expansion of K up to the p’th order,

we can prove that

non\ P+1)/2
E[(dK)h(u—YEk).(Yn,i—Yi)]=O<:L+hpl+d.(1; ) ) B.11)

The latter upper bound is uniform with respects to u. Therefore, the variance of J 1(1) is

B = o S8 [ astun)astun) BI@K ) = Y1) (Yo — Yo
E[(dK)h(UQ — Y:()(Yn,z — Yi)]w(ul)w(uQ) dU_Q dU_1

_of L 1,1 1 Ingn\P*H 1
B nh? 2 nn2 pEeE\ Ty ~2\nznd )

by a change of variables with respects to y and ug, and if nPh2¥2P+4/(Ing n)P+1 — oco. The

latter condition is satisfied under our assumptions with p = 2.
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B.3.3 Study of J\*

With obvious notations,
JP =1y / b (WK (v)(7 — 7)(u — hv)w(u) dudv

i=1

—— / i + ¢l (WE (V) [Dgr(u — hv, 60).(6 — o)

i=1

+ 27'9%r(u—hv,0).(0 — 90)(2)} w(u)dudv

- ! Z / br.i( 897'( — hv,6).(0 — 00)} w(u) dudv
Ino n 1 1 Inon 12

* 0P( n W*h‘< n) )

under the condition (B.10). The main term of the latter expansion is

> Z / s (W) K (v) g7 (1 — hv, B0) A(66) "' B(6o, Y ;)w(u) du.

Thus, when i # j, the expectation of the summand is O(n~!), and

= Z E [ i (WK (V)97 (1 — hv, 00) A(69) ™ B(b, Yi)] w(u)du+ O(n~

1 /Inpgn\Y2 1 1
= O(m( n ) T _<nhd/>

Moreover, by the same reasoning, its variance is

Var(T) = O <n;h2 . (an”» - 0(#).

Note that one remainder term is
fZ/bm V)T (1 — v, fp)w (1) dw.op(rn).

The latter term is negligible if

(lnw)“ e
n h nhd/2’

viz if

1 1
Tn = O <\/ﬁlné/2n . hd/2—1> .
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B.3.4 Study of J\°

Clearly, under the previous assumptions,

1/2
@) _op (L. (m2n) L) L
i =0r <h ( n ) nh>_0P <nhd/2 ’

since nh?/Ingn — oo.

To conclude,
3 =or ()
B.4 Study of J;;
With the previous notations,
Jrr = /(ETn — K, %)Qw
=[x = Pw+ [1BGPw 2 [ K (7 - 1) BB,

Applying equation (B.11) with p = 2, we get

. - 1 1 Ing n\ 3/2
Eﬁm‘(u)—0<n+h4'( - ) ,

uniformly with respects to u. Thus, it is straightforward

B8P =0 ()

Moreover, under assumption (T) and by a limited expansion with respects to u,

/[Kh ¢ (7 = 7)%w = Op (;) .

By applying Schwartz’s inequality, we obtain

1
J[] = op (fnhd/2> .

(B.12)

(B.13)

The result of theorem 3 follows from equations (B.1), (B.2), (B.7), (B.8), (B.12) and (B.13).
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C Proof of corollary 4

It is sufficient to prove that

# /KQ(t)((% — T)w)(u — ht) dt du = op (1) , and (C.1)

nhd/2

/KZ (72 - ) OP( h1d/2> (C.2)

Note that, under (T) and by a limited expansion with respects to #, we have

sup [[7(w,0) = 7(u, 09)| = Op(|f = boll) = Op(n~"7?).

u€le,1—¢]?
Thus, equation (C.1) and (C.2) are clearly satisfied because nh¢ tends to the infinity when

n — oo, proving the result. O

D The semiparametric estimator

Consider the parametric family C = {7(-,0),0 € ©}. The semiparametric estimator of
satisfies, by definition,
0 = arg max Qn(0), where

Qn(0) =nt zn:lnT(Ym-, 6).

i=1
We prove that 6 satisfies condition (4.1). By a limited expansion, there exists some random

vector 6* such that
059Qn(07).(6 — 60) = —0pQn(00),

with [|6* — 6o|| < ||0 — 6o|| a.e. First, with obvious notations,

9pQn(00) =n 12691117 (Yi,00) + Z o 7(Yi,00).(Yni —Yi)
=1

Z yo I T(Y7i,00).(Yni — Yi)@ = Sy + S1 + Sa.
We assume that
E (|00 07 (Y, 00)] + 05y n7(Y, 00)|| + |0 y.y 7 (Y, 80)]] < oo. (D.1)

Obviously, S is asymptotically normal. The expectation of Sy is O(n~!) and its variance
is O(n~2). Thus, S; is Op(n~'). Moreover,

Oo)- 1Y s — Y| (D.2)

H52” < Cte- EZHayyH lnT nz?
i=1
Assume the following conditions of regularity :
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1. There exist some constants « et (3 such that, a.e.,
185ye In7(Y s, 00)l| < l|0gye n7(Ys, 60)l + Bll85ye In T(Yni, 60) ||, and

2. For every u € (0,1)%,
H@f,yg In7(u,0)| < Cstr(u)®™...r(ug),
where ap = (=1 +0)/pk, 1/p1+ ... +1/pr =1, >0, and r(t) = t(1 — t).

The latter condition ensures the consistency of the empirical mean of ||8$,y9 In7(Yni, 60)] (see

Genest et al. [29], proposition A.1). Thus, we get ||S2|| = Op(n~!Inyn). We have obtained
06Qn(00) =n~" Z OgIn7(Y;,0) + Op(Inan/n).
i=1
Moreover, with obvious notations,

OB Qu(07) = BQu(60) + 1> O In7(Y s, 6)-(6° — )

i=1
— %g E[02Qn(00)] + Op(n~Y/?),

if 93Qn(0) is asymptotically normal, and if
nilz sup [|03 InT (Y, 0)|| < oo ae. (D.3)
i=1 QEV(QO)

Here, V(6p) denotes a neighborhood of 6y. Applying proposition A.1 of Genest et al. [30],

these two conditions can are ensured if :
1. For every u € (0,1)%,
M(u) = |0 In7(u,8)| < Cstr(ug)™ ... r(ug),

where by, = (=0.5+v)/qi, 1/q1+...+1/qx = 1, v > 0. Moreover, M (u) has continuous
partial derivatives My(u) = OM (u)/Ouy, such that

(k) (
M (u) < Cst.r(ul)dlk ...r(ud)ddk),
A = by, d =0, —1if j # k.
2. For every u € (0,1)%,

sup |03 In7(u,0)|| < Cstr(ur)® ...r(ug),
9V (60)

where ¢ = (=1 +1n)/p}, 1/p} +...+1/p}, =1, 7> 0.
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Condition (1) ensures the asymptotic normality of the empirical mean of M(Y,;). Condi-

tion (2) ensures condition (D.3).

It can be verified that the previous conditions are satisfied by a large number of commonly

used copula families. Particularly, it is the case for the gaussian copula.

Thus, under the previous conditions, we get

. Ino n
\/ﬁ(e—eo) TA 00 ZzlaelnT Y1790)+0P( 'I'ZL )7

A(0y) = —lim E [05Qn(0)]

and (4.1) is satisfied. O

E Proof of theorem 5

We need a technical lemma to control the strength of the dependence between successive

observations.

Let (&)icz be a d-dimensional strictly stationary [-mixing process. Let k and i1 < ip <

. < i} be arbitrary integers. For any j, 1 <7 <k —1, put
PPED x &9y = P((&,,....&,) € ED)P((i,s, - &) € E®), and
PPED) = P((&, - &) € BD),
where E( is a Borel set in R%. Lemma 1 in Yoshihara (1976) states
Lemma 6. Let h(x1,...,Xx) be a Borel measurable function such that
/}hxh”wxwﬁﬁdgﬁ)gﬂﬂ
for some 6 > 0. Then

‘/ h(Xl, ce ,Xk) dpék) - /h(Xl, e ,Xk) dP](k) < 4M1/(1+6)ﬁ6/(6+1

i1

We mimic the proof of theorem 1. Therefore, with the same notations,

Tn(u) =T, ( ) + (TL;) Z(dK)h(u — Yz)(Yn,z — Yz)
1

=

zn: u - Y:,z)(Yn,z - YZ)(Q)
=1
=7ﬂw+R()+&()
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for some random vector Y7, ; satisfying [[Y} ; — Y| < [[ Yy, — Y| ae.
Let us first study Rl(u). By applying lemma 6 and by noting that

/(dK)h(u —vi)-(Myr L yi) —yi)7(yi)T(yr) dyi dyr = 0, k #1,

we get easily

B[R] | < o S (R ) — Yo (1Y < Y)Yl
i,k
_Cst
s (1)

- O\ar) << T

for every 8 > 0. Thus, the expectation of VnhdR, (u) tends to zero, under our assumptions.

Moreover,
IR () = iy 35 [ )(m— Yo).(1(Ye € Y) — Y3)
7 kil
(@K~ Y,).(1Y1 < Y5) = Y] = o 35 Vi
1,7 kil

We have to consider successively every orders between the four indices ¢, 7, k,I to apply
lemma 6. Let m = m(n) be a sequence of integers such that m < n, m,, — oo and m,,/n — 0.

For convenience, we choose m,, = (Inn)?. Note that n*3], tends to zero for every a > 0 and

v > 0. Therefore,

e Ifi < j<k<1land]|j— k|l > my: apply lemma 6 by setting (i1,i2) = (i,j) and
(i3,14) = (k,1) to get

Vijkt — /(dK)h(“ = vi)-(Xyk <yi) = ¥i)-Tv. ¥) (Yir ¥i)
(dK)p(u—y;)- Ly < y5) = ¥i) -7y, v) Ve, ¥1) dyi dyj dyy dyz‘ < 55/ )

for every § > 0.

If, moreover, |k — | > m,, apply lemma 6 again with i; = k and i, = [. We obtain

‘/(dK)h(u —yi)-(A(yk < ¥i) = ¥i)- Ty (YVis ¥5)

Cst

55/ 6+1)
h2d

(dK)p(u—y;)- Ay < ¥5) = ¥5) -7, v) Vi Y1) dyi dyj dyr dy; —
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for every d > 0.

Otherwise, |k —1| < m. Then there are two sub-cases. When |i — j| > m, apply lemma 6

again by setting i1 = ¢ and i = j to get

’/(dK)h(u —vi)-(Uyr L yi) = yi) (dEK)p(u —y;).-(1(y: < yj) —yj)

[T(Y,-,Yj) (yi,y5) — T(yi)T(yj)] Ty, ) (Ve ¥1) dyi dyj dyy, dyz‘

Cst

< T, (E.2)

for every 0 > 0. Invoking equation (A.1), we have
/(dK)h(u —yi)-(Lyr < yi) = yi)-(dK)p(a —y;). Ly < y;) = y;)7(yi)7(y;)

d J—
7Y, Y,) Ve Y1) dyi dyj dyy dy; = / {T(u) > K, (urhykr> + O(h)¢(u)}
r=1

{T(u) > K, <u82y18> + O(h)¢(u)} Tove, ) (Yo ¥1) dyr dy; = O(h).  (E.3)
s=1

The number of terms of this type in the summation R;(u) is O(mn®). Recalling equa-
tions (E.1), (E.2) and (E.3), we get that the sum over all the considered indices (4, j, k, )
is

1 1

_ mh 5/(6+1) 1

Else, if [i — j| < m/2, the number of terms of this type in Ry(u) is O(m?n?). Thus,

applying equation (E.1), we get the corresponding sum is

L S Vijki=0 m” g oo L

nAh2 i,5,k,0 = n2h2+2d T p2+2dm nhd
,7,k,1

Ifi <j<k<land]|j—Fk < m, If| —kl > m, apply lemma 6 by setting

(i1,42,13) = (i, 4, k) and iy = I. Else, the number of terms in the sum R;(u) is O(m?n?).

By summing them, we get an O(m?/(n?h?+2d)).

Ifi <k <j<I: apply lemma 6 by setting (i1,2,i3) = (i, k,j) and iy = [, if |[j —1| > m.
Else, apply lemma 6 with (i1,i2) = (i, k) and (i3,44) = (4,1). If, moreover, |i — k| > m,
apply lemma 6 again with ¢; = ¢ and i3 = k. Else, the number of corresponding terms
is O(m?n?).
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o If i <1 <j<k: If|j—k| > m,apply lemma 6 by setting (iy,1i2,i3) = (4,[,7) and

ig = k. Else, if |[j — k| < m and |i — | < m, the number of such terms in the summation
is O(m?n?).
Otherwise, if |[j — k| < m, |i — 1] > m and [j — ] > m, apply lemma 6 a first time
with (i1,42) = (i,0) and (i3,i4) = (4, k), and a second time with i1 = i and is = [. If
|7 — k| <m, |i —1] >m and |j — I] < m, the number of summands is O(m?n?). The
upper bound follows by applying the previous techniques.

All the other orders between the four indices i, j, k, | can be dealt similarly. Thus, E[R?(u)] =

o(n~th~?) and

Ri(u) = op(n~'/2h=%?),

Moreover, from proposition 7.1 in Rio [55], when the cdf F} are continuous, we have

Inn
sup sup |F,i(u)— Fx(u)| =0 (> EA4
ue]II{)dk:L.I.).,d| () = Fi(w)] "\vn (B4

Thus, Ry(u) = Op(h=2~%In®n/n) and VnhiRs(u) tends to zero in probability, under our

assumptions.

At last, by revisiting Theorem 2.3 of Bosq [5] with our assumptions, we can prove easily
the asymptotic normality of the joint vector Vnhe((7} — Ky *7)(u1),..., (1} — Kp*7)(p)).
We omit the details. This concludes the proof. O.
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