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Abstract

This paper examinesthe implications of multiv ariate stochastic volatilit y
on excient portfolio choice. Out-of-sample forecastsand con dence bounds
are generatedfor the excient frontier, optimal weights, and expected Sharpe
ratios, using stochastic time-varying covariance matrix estimates. Covariance
forecastsare generatedusing a multiv ariate stochastic volatilit y (SVOL) model
introduced by Philipov and Glickman (2002). This new model provides in-
creased’exibilit y, avoids common estimation constraints, and is feasiblein un-
constrained form for higher dimensions. Model parameter estimatesshow time
variation both in the stochastic covariancesand in the correlationsimplied from
them. Correlations and volatilities move synchronously through time suggest-
ing the e®ectof common market forces. Optimal weight estimates, however,
exhibit limited time variation which can be attributed to the syndronous be-
havior of volatilities and correlations. Con dence bounds on the stochastic
excient frontiers derived from the multiv ariate SVOL forecastsappear better
behaved than previously derived analytical bounds. Portfolios basedon SVOL
covariance estimates outperform portfolios using alternative covariance mod-
els. Out-of-sample portfolio results are compared using the new analysistools
o®eredby the SVOL model.
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1 Intro duction

Multiv ariate stochastic volatility models have emergedas a promising responseto
the needin portfolio managemen for accurate time-varying covariance matrix esti-
mates. This paper examinesthe implications of time-varying stochastic covariances
for Markowitz portfolio exciency. Optimal portfolio weights are obtained using
covariance forecastsgeneratedby implemerting a multiv ariate stochastic volatilit y
(SVOL) model deweloped by Philipov and Glickman (2002). In this model, covari-
ancematricesvary through time driven by Wishart processesModel parametersare
estimated using Bayesiantechniques. Theseestimation methods generateabundart
information used here to establish con denceregionsfor the mean-\ariance set, as

well asto improve and evaluate porto®io performance.

The literature on Markowitz portfolio optimization celebratesan over-forty-year
history. It has beenreadily embraced by academicsas the theoretically sound ap-
proach to managing nancial portfolios, but only slowly and cautiously adopted by
practitioners due to a number of reasons. First, mean-\ariance (MV) optimization
tends to maximize the e®ectsof errors in the inputs (Michaud (1989)). Michaud
points out that the MV optimizer signi cantly overweighs securitieswith large esti-
mated returns, negative correlations and small variances. Second,MV optimization
is highly sensitive to changesin the meanforecasts(Best and Grauer (1991), Chopra
and Ziemba (1993)), and, to a lesserbut signi cant degreeto changesin covariances
(Chopra and Ziemba (1993), Pojarliev and Polasek(2001)). Furthemore, the relative
importance of meanor variancemisspeci cations dependson the investor'srisk toler-
ance. Third, MV optimization commonlyusespoint estimatesof meansand variances
asinputs and producespoint estimatesof optimal portfolio weights as output. Due

to the high sensitivity of the processthesepoint estimatesmay be unreliable.



Researb on portfolio optimization hasgonea long way to addresstheseissues.
On a practical level, MV optimization has been"tamed" by using constrairts and
carefully selectedbendimarks. Tracking error minimization within narrow bounds
of a bendimark is a widespreadapproad in institutional investing. In a critique of
this approad, Roll (1992) showvs that managerspursuing tracking error optimization
will intentionally fail to produceMV ezxcient portfolios. Recen studieson the merits
of the tracking error optimization approad include Jorion (2002a), Jorion (2002b),
Rudolf, Wolter, and Zimmermann (1999), Ammann and Zimmermann (2001) etc.
Other ways to reduceMV sensitivity are using Bayes-Steinshrinkageestimators (Jo-
rion (1986)), reducingdimensionality through the application of factor models(Jorion
(1991), Jacquierand Marcus (2001)), or using a newly proposedresampledezciency
approad (Michaud (1998), Fletcher and Hillier (2001)). Jagannathanand Ma (2002)
re-examineconstrainedoptimization and relate no-short-saleconstrairnts to shrinkages

and factor covariance estimators.

Another areaof researt hastaken parameteruncertainty asgiven and haspro-
posedadjustmerts to the MV weights that incorporate estimation risk. For example,
Barry (1974)and Chenand Brown (1983) evaluate estimation risk in portfolio choice
using a Bayesian framework, while Balduzzi and Liu (2001) and Horst, de Roon,
and Werker (2002) take a classicalutilit y-basedapproad in which parameteruncer-
tainty increaseautilit y costsand translatesinto an adjusted risk aversion parameter
in the optimization setup. Theseapproadesare concernedmostly with generating
improved estimatesof the MV ezcient setrather than examiningthe informational

corntent of the point estimatesproducedby the MV optimizer.

This paper claims closestassaiation with the volume of researt on the in-

formational cortent of MV optimization, which aims to provide signi cance inter-



vals and sampling error estimatesof optimal portfolio weights. For example,Jobson
and Korkie (1989) o®era review of multiv ariate signi cance tests of MV exciency.
Britten-Jones (1999) proposesan exact procedurefor testing hypothesesabout op-
timal weights. Jobson (1991) constructs analytical con dence regions for the MV
excient set and formulates an F -test to generatesample acceptanceregions. Kan-
del and Stambaugh (1989) link tests of MV ezxciency with assetpricing tests. These
analytical results, howewer, apply only to the caseof unconstrainedoptimization. Un-
constrained optimization is almost never usedby nancial managersbecauseit can
produce quite unrealistic short sale situations. In the caseof constrainedoptimiza-
tion, researbers have employed Monte Carlo simulation methods or bootstrapping
techniguesto infer the sample properties of optimal portfolio weights. The current
study makesa cortribution to thesesamplingapproadesby introducing conditioning

information and stochastic time variation in the covariance parameters.

This paper studiesthe sampleproperties of optimal weights with emphasison
constructing con dence regions and testing hypotheses. The sample properties of
the optimal weights are related to asymptotic results derived by Jobsonand Korkie
(1980, 1989) and Jobson (1991) as well as to simulation results basedon distribu-
tional properties of the returns derived from the data sample. In the current study,
model forecastsfrom the PG SVOL model are usedin a dynamic constrainedMV op-
timization to obtain stochastic excient frontiers. It usesunconditional meanreturn
estimatesbasedon the data sample. Using xed point estimatesof meanreturns with-
out conditioning information helpsisolate the e®ectof stochastic covariances. These
covariancee®ectsare especially valid for the global minimum varianceportfolio whose

construction doesnot rely on meanestimates.

Multiv ariate models of time varying volatilit y have two notable drawbadks that



have prevented them from enjoying the succes®f their univariate counterparts. First,
multiv ariate modelsare extremelyunparsimonious. This problemgrows exponertially
with model dimensionality. Secondmultiv ariate modelsbring a signi cant increasen
the complexity of the estimation of their parameterswhich is in large part dueto the
lack of parsimory. Hencemultivariate models are either very tightly constrainedor
are unmanageabladueto the hugenumber of parameters. For the multiv ariate SVOL
model of Philip ov and Glickman (2002), howe\er, the new model formulation and the
Bayesianmethodologyimplemerted for estimating model parametersmanageto avoid
common constrains placed solely for estimation purposes(e.g. diagonal covariance
parametersor constart correlation structure), making the model feasiblefor higher
dimensions(e.g. a 12 variate model with 740 time obsenations). In addition, the
model provides improved °exibilit y and a seamlesdink to univariate space:the PG
modeling framework extends naturally from scalar variancesto matrix-covariances

without changingthe generalform of the model.

Traditional models of multivariate SVOL have beenstudied by Harvey, Ruiz,
and Shephard (1994), Mahieu and Sdotman (1994), Jacquier, Polson, and Rossi
(1995), and Shephard(1996). Thesetraditional models have arisen as extensionsof
successfulinivariate models, specifying separatelog-normal autoregressie processes
for the variances. The variance processesn these models are usually tied together
by a constart correlations structure, creating models of changing variancesrather
than changingcorrelation. In this respect, eventhough traditional multiv ariate mod-
els allow commontrends and cyclesin volatility, they do not allow covariancesto
ewlve over time independenly of variances. The model implemerted in this paper
can provide greater °exibilit y in comparisonto traditional multivariate SVOL mod-
els, asit o®ersan unrestricted represemation of changing variances,covariancesor

correlations.



The next sectionlays out the formulation of the Philipov and Glickman (2002)
multiv ariate SVOL model. Section 3 provides an overview of the analytics of MV
optimization and of the excient frontier con denceregionsderivedin Jobson(1991).
The methodology for estimating the multiv ariate SVOL model, obtaining the covari-
ance forecasts,and computing the MV ezcient setsbasedon them, is descriked in
section4, which is followed in sections5 and 6 by descriptionand analysisof the data

and the results.

2 The Covariance Mo del

To estimate the covariance matrix parameterin the MV optimization, we usea new
generalmodel for multiv ariate stochastic volatilities developed by Philip ov and Glick-
man (2002). This generalmultiv ariate model is naturally linked to univariate space
in which a special caseof the model has a closeconnectionwith traditional SVOL
models. The generalmodel descrikesthe ewolution through time of a collection of k
correlated normally distributed assetreturns. The covariance structure of this port-
folio is alsodynamic and is determinedby a stochastic processbasedon the Wishart

distribution:

Yi ] 8t» N(0;8¢)
§{1 j ©:St 1» Wishart(°; S, 1) (1)

where® and S; are the degreesof freedomand the scaleparameter of the Wishart
distribution. The vector y; represeis "surprises” over the expected returns for the
period, which are represeted by returns seriespre-whitened via an AR(1) Tter

(Jacquier, Polson, and Rossi (1994)). Sud a formulation, avoiding the estimation



of a mean parameter within the model and directing focus solely on volatility, is
prevalert in the literature on stochastic volatility (See,for example: Jacquier, Pol-
son, and Rossi (1999, 1994) Harvey, Ruiz, and Shephard(1994), Jiang and van der
Sluis (2000), Pitt and Shephard(1999)). It is beliewed that there is little interaction
between the estimation of the mean and the variance term, with the exception of
variance-in-the-mearnerms in GARCH-M type models. The role of the meanparam-
eter diminishes with increasein data frequencyand is non-existert in the limiting

corntinuoustime case.

With atime-invariant covariancestructure, the above model o®ersa traditional
represemation of the behavior of multiv ariate normal returns. Howewer, we augmert
this setup by allowing time variation in the scaleparameter of the Wishart distri-
buti03n. L,eg A be a positive de nite parameter matrix that can be decommsedas
A= Az A2 O, and d be a scalarparameter. We de ne the scaleparameterof the
Wishart distribution in period t asa function of the covariancematrix in that period:

3
1 l ~ . 1
5 tTOA: (2)

[N
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—_—

St: A

The quadratic expressionfor S; ensuresthat it is symmetric positive de nite. Time-
variation of the covariancesis determined by this quadratic expressionwhich, using
the properties of the Wishart distribution (see Gelman et al, 1995), leadsto the

following conditional expectation of § | *:

3

E(§81)=vS,,1= A} '§iL° A? (3)

We specify the model in terms of the inverse covariance matrix to facilitate deriv-
ing the conditional posterior distributions of the parameter estimatesin the Gibbs

sampler. Covariance matricesthemselhesfollow the inverse-Wishartdistribution. We
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can usethe properties of the inverse-Wishartdistribution to obtain the conditional
expectation of the covariancematrix at time t:

5 . 5 .

E(G)=(vi Kj 1)ilstii11:m Az (8,1 AlZ i 4)
wherethe parameters®, d, and A arede ned above. The parametersA andd play an
important role in determining the dynamic behavior of the return covariance struc-
ture. We would like to study how, on a multivariate level, those two parameters
determine stylized types of dynamic volatility behavior well descriked for univari-
ate series. Stylized volatility characteristics include mean reversion, long memory;

asymmetricrelation to return innovations, etc. (seeEngle and Patton (2001)).

The parameter A can be interpreted as a measureof intertemporal sensitivity.
This matrix parameterrevealshow ead elemen of the current period covariancema-
trix dependson elemerts of the previousperiod covariancematrix. It isthe parameter
that could in a large part determine meanreversioncharacteristicson a multiv ariate
level. For example,without restrictions on this matrix parameter, ead assetvari-
ance,¥#, would depend on the previousperiod varianceof this asset'sreturn, aswell
as on its covarianceswith all other assets. Thus a changein the volatility of one
assetwould a®ectother assets'volatilities. The interpretation of the intertemporal
variance relationships would actually be in terms of the inverse A (seeconditional
expectation (4)). The elemerts of Ai 1 would also reveal the relative importance of
variancesand covariances.A higher magnitude of the diagonalelemers of A * would
indicate greaterin®uence of past variancescomparedto past covariances/correlations.
We are not able to completely separatethe di®eren e®ectsput we would like to ex-
amine curious situations in which low past correlationsmay have strongerimpact on

variancesthan high correlations.



While the matrix parameter A carries information about the intertemporal
covariancerelationshipselemenwise, the scalarparameterd speaksabout the overall
strength of theserelationships. This parameterwould in a large degreeaccourn for
the presenceof long memory or persistence,a phenomenondescrited for univariate
seriesas today's return having a large e®ecton the forecastvariance many periods
in the future (Engle and Patton (2001)). Abundant evidenceof pronouncedlong
memory of volatility has beenobsened while investigating univariate SVOL models

(Jacquier, Polson, and Rossi(1994,1999), Shephard(1996)).

The persistencgparameterd is theoretically bound between0 and 1 (seePhilip ov
and Glickman (2002)). A low d which is closeto zerowould indicate a weak overall
e®ectof current volatility on future values,i.e. shocks in returns are "forgotten” fast
- within a few subsequen periods. Valuescloseto 1 indicate high persistence.The
caseof d = 0 implies constart volatility. In this casethe conditional expectation of
the volatility in time t is equalto the samevalue:

o 3 ’ 3 ’ 0
(i ki DS = Gy Az (§41)° AlZ (5)
SN (6)

E(8+1)

A casein which d ; 1 implies a non-stationary volatilit y structure. The special case
whend = 1 and A = | correspndsto a simple matrix-variate random walk on the
inversecovariance matrix. In this casewe obtain a scaleparameterfor the Wishart
process,S;, equalto:

S = -§it

1
Y%
which leadsto a conditional meanequalto the inversecovariance matrix at time t:

E(8{")=VvSi1= 8%



As long asthe parameterA is a symmetric positive de nite matrix, the param-
eter d is boundedbetween0 and 1, and the shape (degreesof freedom)parameter,©®,
of the Wishart distribution, is greaterthan the number of variablesin the model, we

have a well de ned autoregressie stochastic processfor the covariance matrices.

3 Mark owitz MV Optimization

This sectionreviewsthe estimation of excient frontiers in absolutespacefollowing the
classicalMarkowitz setup(Markowitz (1959)). The N £ 1 vector of optimal weights w*

for aportfolio of N risky returnsis the result from the quadratic optimization problem:

min w 2w (7)
w
subject to
we = E
wq = 1

wherew are portfolio weights, - is the covariancematrix of assetreturns, * is vector
of means,and  is a vector of ones. Merton (1972) introduced the familiar excient

set constarts:
a=19ilL. b=1% ilq and c=f 'y (8)

which de ne the equationsof the set of MV ezxcient portfolios:

aj 2btp+ ct? b
3/2= p. 1 -~ 3/ >
S aci 7 X s o and 5> 0 (9)




where !, and %, are the optimal portfolio mean and variance. The above set of
equationsde ne the upper right half of the hyperbola ass@iated with the excient
frontier. The equation for the whole hyperbola can be written as (following Jobson

(1991)):

i L
=2l o2y =0 (10)
aj <
In computing the excient frontier, we usesampleestimatesof the meanreturn vector
and covariance matrix which form the estimates(unadjusted for samplebias) of the

excient setconstarts in eq. (8):
a=t%s %  P=t% and e=1Sy (11)

Using the assumptionthat returns are multivariate normal and adjusting for small
samplebias, Jobson(1991)derivesthe unbiasedmaximum likelihood estimatesof the
excient setconstarts (eq. 8):
— T . — T . — T

a= 58 b= b and e= ;¢ (12)
where T is the number of time obsenations. Furthermore, Jobson (1991) reviews
the distributional properties of the three statistics in the above equation and estab-
lishesthat they are asymptotically independen. Theseresults are usedto derive an
approximate unbiasedestimate of the hyperbola (eq/10):

3 ~ 3 ’ 3

R = %‘%i e(ﬁh) HR (A B_cf)i B 1y %

2 1 2
amwy = 0 (13)

Through simulation Jobson(1991)is ableto concludethat ¥ is normally distributed

in large sampleswith estimate of the variance (up to an approximation and basedon
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the independenceassumptionof the three statistics (12)):

2 B H B 2
_ 24 g%, 4Cpi Q) 2 . Dya, 4Cpi g7 4G (&0 )
OH T (T N) % + Ti N (1pl 6) + &(T; N) e(Ti N) (14)

T@&i %)

where N is the number of data series. Using (13) and (14) we obtain equationsfor

the lower and upper bounds of the con denceinterval for the hyperbola:

q__

L/B H |q i Z®=2q ‘OH =0 (15)

UBw

R+ Ze a =0 (16)

Solvingequations(10), (15, and (16) providesestimatesof the optimal portfolio
variance,?/g, along with con denceregions,conditional on speci ed valuesfor mean

portfolio return, * .

It should be noted that the above analytical results apply to MV optimization
which placesno constrairnts on the optimal weights. Solutionsto problemswith no
short saleconstraints and assetgroup boundson optimal weights are obtainedthrough

numerical quadratic optimization methods.

4 The Metho dology

4.1 Estimating the parameters of the covariance model

All multiv ariate stochastic volatilit y models sharea commonfeature: intractabilit y
dueto a very high degreeof parameterization. Many of the traditional models have

constrairnts sud as diagonal covariance matrices and constart correlations to deal
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with the problem of estimating model parameters. Even with theseconstrairts, the
literature doesnot presert applicationsof unconstrainedSVOL modelsof high dimen-
sionality (e.g. ve- and higher-dimensionalmodels). The parametersof PG SVOL
model are estimatedwithout the needfor imposingconstrairts usinga straightforward
Bayesiansetup where the joint posterior distribution of the parameters,conditional
on the obsened data, is proportional to the product of the joint prior distribution

and the likelihood function.

This sectionformulatesthe likelihood function, speci esthe joint prior distribu-
tion of the parameters,and derivesthe joint posterior distribution. We then dewelop
MCMC algorithms within this Bayesianframework for sampling from the joint pos-
terior distribution. Markov Chain Monte Carlo Simulation allows sampling from the
full posterior distribution of all parameters. A special caseof MCMC simulation are
the Gibbs samplerand the Metropolis-Hastingsalgorithm which we useto estimate
model parameters. A review of these standard MCMC methods can be found in
Gelfand and Smith (1990) and in Gelman, Carlin, Stern, and Rubin (1995). For a
detailed discussionof the methodology for the multiv ariate stochastic volatilit y model

seePhilipov and Glickman (2002).

4.1.1 Lik eliho od Function

The data, y;, represem k Ttered stock returns for a single period t following a
multiv ariate-k normal distribution with a meanvector of zerosand a covariancema-

trix 8. The normal density function for the data is:

H )l

. 1 .
p(yt] 8t) = EXP i Eyt0§{ yy) (17)

(2Y)% 8 j2
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The inverseof the covariance matrix follows a Wishart distribution with parameters

° and S;; 1, whosedensity function is:

e ik T 3 - R |
1 jStaj'z it 1 R Y
P8 | %S 1,0) = —— exp i St Si3 81 Si3 (18)
27 Yy Q |°+ji1
J=1 ?
3 o ¢ 3 0
whereS, = 1 A: ! it Y A% . This guadratic expressionemphasizeghe posi-

tive de nitenessof the covariancematrix § ;.

Basedon the speci ed distributions for the data and the volatilit y, an extended
multiv ariate SVOL model (1) with k stock returns and T time periods has the fol-

lowing likelihood function:

.
L(8T LA o:djy) = WiShk(§{1jo;Sti )N(Ytj0;8¢) = (19)
t=1 - -
- . 15— -
nTe ARG T T P
- L TR T
23y @ o e
3 _h i H %4

° vigi1Gdgin o3 1 i1
£ exp iyt ATTEEL T8I 8 Texp iEYt0§{ Vi

The term § i 1 without a time subscript represets the collection of all inversecovari-
ancematrices, § | 1, for time periodst = 1;::;;T. It can be regardedas a 3-D array

of T elemens of sizek £ k.
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4.1.2 Choice of Prior Distributions

The prior distribution is the product of independen densities. It is necessaryto
specify a prior distribution for the parameter set (A;d;°). The following densities

are suggestedor the three parameters,as part of their joint prior distribution:

2 The densitiesin the prior and the posterior for the parameter matrix A are
determinedin terms of its inversefor greater corvenience. Therefore, for Ai !
a Wishart density is usedwith a k £ k scale matrix Qg Whi(;h3 IS a positive
denite symmetric matrix, and can be expressed:Qo = Qg ° Qg - " The
value assignedto Qg will depend on expectations about the data. We suggest
that Ai ! is certered on the identity matrix (Qo = |), which by equation (3) in
the extendedmultiv ariate model resultsin a meanof § | * equalto the previous
period's covariance matrix, i t‘illq:d. We also suggesta degreesof freedom

parameter®o = k + 1.
2 For d a di®useddensity sud asp(d) / 1 may be used

2 For ° a gammadi®useddensity is suggested.Since® hasto be greater than
k, the dimensionof the covariance matrix, the gammadensity is shifted by k.

Therefore,it would be appropriate to specify that (° j k) hasa gammadensity.

The prior for the parametersof the model would be product of the densitiesspeci ed

above:

P(A’*;d;°) = Wish(°o; Qo) £ p(d) £ Gam(°® i k) (20)
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4.1.3 Posterior Sampling - Gibbs Sampler

By Bayestheorem,the joint posteriordistribution of the parameterset(§ i ; Ai 1;d;°),

conditional on the data, is proportional to the product of the prior (20) and the like-

lihood (20):

P A djy)/ pAT ) EL(BTHAd]y) = (21)

.

Wish(°0; Qo)p(d)Gam(® | k)  Wish(8]1j°;S; 1)N(ytj0;8¢) =
t=1

Wish(°o; Qo)p(d)Gam(® j k) £

S oeai S oo o ooomg

£ §ih 81 7 exp i SUr[SS{Y exp i SviBiy:

t=1

To estimate the parametersof the model, it is necessaryto sampleall parametersat
oncefrom this posteriordistribution. Direct samplingfrom it, however, is not feasible,
in which caseMCMC methods, speci cally, the Gibbs sampler and the Metropolis
algorithm, are usedto draw ead parameter. The Gibbs sampleriterativ ely draws, in
sequencegad of the parametersover a large number of iterations from their condi-
tional posterior distribution, which, under broad regularity conditions, is equivalert

to drawing from the joint posterior distribution.

The conditional posterior distribution §i ' in eah time period involves the

volatility parametersof only the previous, current, and next periods: § {111; it

and §i,}. For periodst = 1;2;::;;T | 1 the conditional posterior distribution is

proportional to the product:
p(8itjrest)/ Wish(8i1j°;S; 1) £ N(0;8,) £ Wish(81,} j°;S)) (22)
Sampling from this conditional distribution involves use the Metropolis algorithm.
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The last period covariancematrix, § i-*, doesnot depend on the next period's volatil-
ity, andis found to follow a known Wishart distribution from which it canbe sampled

directly.

For the parameterA , usingthe conditional distribution of the inverseleadsto a
corveniert result for sampling. The conditional distribution for A ! that is a product
of a Wishart prior and a Wishart likelihood, and is also a Wishart distribution,

allowing direct sampling.

The parametersd and ® areboth scalars. They canbe sampledby discretizinga

rangeof valuesand drawing from the discretizedconditional posterior massfunctions.

4.2 Computing the ezxcien t frontiers under stochastic covari-

ances

To computethe excient frontiers we draw J covarianceforecastsfrom their posterior

distribution, whereJ is the sizeof the posterior sample:
§0) » inv-wishart(°;S%y;  j =110 (23)

An unconditional sample mean vector, * , and the covariance forecast, §\$11, are
the inputs for a constrained quadratic optimization problem (under no short sales

constrairns):

16



minw®® 9wl =100 (24)
W

subject to

wiha = E
wog = 1
wi 0

Sincewe are using the sameunconditional mean estimate, the di®erencesn the sets
of weights, w(), stem from the di®eren covariance forecastsand showv the marginal

covariance e®ecton the optimal portfolio composition.

4.3 Traditional Monte Carlo approach to MV optimization

Sampling error estimatescan be derived using simulation experimerts similar to the
one descrited in Jobson (1991) and Jobson and Korkie (1980). Since analytical
approadiesare not applicableto casesf constrainedMV optimization, Monte Carlo
simulation methods can be usedto shedlight on the informational corntent of optimal

portfolio weights.

In a Monte Carlo simulation experimen, the population mean vector, * , and
covariance matrix, 8, are computed for the set of assetsin the MV optimization.
Under the assumptionof multivariate normal returns, a large number J of samples

of sizeT are drawn from the distribution:

1)y Ne(t:8) j=1L::::d (25)
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and are used as inputs in the constrained optimization problem (24), producing J
setsof optimal weights. The samplemomerts of the simulated weights can be used

for diagnostics,hypothesestesting, and comparisonswith analytical results.

5 Data

The data comprisevalue-weighted monthly return seriesof 5 industry portfolios from
the 200112CRSP database. Theseb portfolios are composedof stocks traded on the
NYSE, AMEX, and NASDAQ. Each NYSE, AMEX, and NASDAQ stock is assigned
to an industry portfolio at the end of June of ead year basedon its four-digit SIC
code. The extracted and prepareddata seriescan be conveniertly downloadedfrom
prof. Frendh's web site (http://m ba.tuck.dartmouth.edu/pages/faculty/k en.frendv/).
The samesetof data hasbeenusedby Jostova and Philip ov (2002)in the analysisof a
time-varying stochastic beta CAPM model. Table 1 provides descriptive information
about the 5 return serieswhile Figure visualizesthe return dynamicsover the 20

year in-sampleperiod from Jan. 1972to Dec. 1991.

The number of portfolios involved in an MV optimization study is an important
issue. The selectionin this study of a sampleof 5 returns serieswas in°uenced by
se\eral considerations.The current sampleof 5 seriesis not a constraint of the SVOL
model usedin this study, asit has beentested for larger datasets. A universeof 5
assestis modestby practical standards. Yet it is represemativ e of a commonpractice
of institutional investorsto optimize portfolios with respect to a small number of
large assetclasses.The speci ¢ samplesizein this study providesa balancedtradeo®
betweenthe ability to facilitate the presenation of results and the practical range of

the proposedmodel applications.
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6 Results

Seeral setsof resultsare presetted in this section. The initial estimatesof the SVOL
model usea data samplefrom January 1972to Decenber 1992. The in-sampleperiod
is shifted and the Gibbs sampleris re-run to obtain new estimatesand forecastsfor
the next period. The out-of-sampleanalysis consistsof 120 monthly periods from
January 1992to Decenber 2001. This sectionbeginswith a summary of in-sample
resultsfrom estimating the parametersof the multivariate SVOL model. Then follow
resultsfrom employing out-of-sampleSVOL forecastsin a MV optimization problem.
These are comparedto analytical results in se\eral studies by Jobsonand Korkie,
as well as to traditional Monte Carlo analysisresults. Finally, focus is shifted to
global minimum variance portfolios and the e®ectof stochastic volatility on MV
optimization. The questionsthat this analysisaimsto answer are: could time-varying
stochastic covariancesbring useful information in MV optimal weights estimation,
the estimation of optimal portfolio return forecastsand for expected Sharpe ratios;
would we be ableto construct usefulex-arte boundson future realizedSharpe ratios,
especially, in the caseof constrainedportfolio optimization in which analytical results

may not be derived?

6.1 Covariance Estimation Results

The in-sampleSVOL covariance estimatesdisplay signi cant time-variability. Figure
2 illustrates the meanand 5 and 95 percert con denceboundsof standard deviations
of the v eindustries obtained from the Gibbs posterior sampleof covariancematrices.
Figure2 alsoshownsthe valuesof the ordinary samplestandard deviations, represeted

by straight horizontal lines. The standard deviationsin Figure 2 are orderedby mag-
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nitude, from high to low, asfollows: (1) Retail, (2) Finance, (3) Manufacturing, (4)
Other, and (5) Utilities. Note that even though the parameter estimatesvary signif-
icantly through time, changing by more than 50% in certain periods, they presene
their magnitude rank, ewlving through time in parallel movemerts that reveal the

in°uence of commondriving factors.

In-sample correlation estimates were baded out of the estimated SVOL co-
variance matrices. Figure (3 displays the 10 pair-wise mean correlations (‘rst sec-
tion), and the v e data seriesof returns (secondsection). The pair-wise correlations
can be ranked from high to low as follows: (1) Other-Manufacturing. (2) Retail-
Manufacturing, (3) Finance-Marufacturing, (4) Other-Finance, (5) Finance-Retalil,
(6) Other-Retalil, (7) Finance-Utilities, (8) Other-Utilities, (9) Utilities-Man ufacturing,
and (10) Retail-Utilities. Lower valuesof pairwise correlations display signi cantly
higher time variability than high correlation estimates. We can alsoobsene evidence
of the correlations-breakdavn phenomenondocumerted in previousreseart (Longin
and Solnik (2001); Jacquierand Marcus (2001)). Longin and Solnik (2001), for exam-
ple, take extremereturn outcomesand obsene highly increasedassetcorrelationsin
sud periods which diminish diversi cation bene ts. In cortrast to this extreme out-
comeapproad, the current time-varying volatility model presenestime cortinuity
and provides a new view-angleat correlationsbehavior in sewere market movemerts.
It is alsointeresting to obsene that the correlation pairs presene their ranking over
the 240 in-sample periods, especially for lower correlations. This evidencesupports
the proposition in Jacquierand Marcus (2001) that correlations are driven by com-
mon market forces. Sud syndironous correlations behavior could also explain the

behavior of the optimal weights discussedater in the section.
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6.2 Covariance forecasts

For ewvery period t, the Gibbs sampler provides a posterior sampleof J covariance
matrices. Using a posterior samplesizeof J = 2000,we simulate a forecastcovariance
matrix for eat of the J Gibbs sampler draws of the last period covariance matrix

gl j = 1;:::;J, accordingto the model:
§\$11 » inv-Wish(O;SQ)) j=1:5d (26)

where

Sg): (A(j))%(§iT1(j))d(A(j))%‘ 27)

Figure|4 shavs sampledraw sequencesf standard deviation forecastsfrom the
predictive posterior distribution for a single period (January 1992). Also shown are
histogramsof the draw sequenceswhich exhibits skewnesssimilar to the univariate
casein which volatilities are usually descrited to follow a A? distribution. The white
horizontal line represets the predictive posterior mean forecast. The right-hand
tail of the predictive posterior density is extendedallowing for large volatilit y values
of the forecasts. Sud large values can push the bounds on the volatility forecasts
upward allowing for ewerts that have been described as extremely low probability
(e.g. the concurrenceof everts that brought down LTCM, seeJorion (1999)) to be
consideredreasonablyprobable. The averagestandard deviation forecastsfor all 120
out-of-samplemonthly periods from January 1992to Decenber 2001are depictedin
Figure 5. We can obsene that the forecastspresene their ranking. Exceptionsare

Manufacturing and Other, whoseestimatesare closeto ead other.
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6.3 Optimal portfolio results

The optimal weights of the minimum varianceportfolio under no-short-saleconstraint
are computedusingthe draw sequencef SVOL forecastsfor January 1992(seeFigure
4) asinputs in the MV optimizer. Retail and Finance have the lowest weights in the
minimum variance portfolio. Thesetwo return serieshave the highestunconditional
and conditional variances(see Table[1 and Figure 2). Their correlations with the
other seriesare in the mid-range. Utilities are the most heavily weighted. They have
the lowest unconditional volatility and amongthe lowest pair-wise correlations with

the rest of the industries.

The rst sectionin Figure [6 shaws the set of all excient frontiers basedon
the draw sequenceof 2000covarianceforecastsfor January 1992. The MV optimizer
computesall 2000 frontiers using the sameunconditional mean return vector. The
solid line represeits the meanezxcient frontier basedon meanstandard deviation for
ead level of return. The dashedlines are the 95th and the 5th percerile bounds.
The percerile bounds are computed separatelyfor every level of return and do not
necessarilyrepresem portfolios on the samefrontier. This point is illustrated in the
secondsectionof the graph. The two dashedlines contain minimum variance portfo-
lios which are in the 5th and 95th percertiles. Howewer, other portfolios along these
frontiers are far from the two bounds. This graph providesevidencethat the stochas-
tic frontiers are not parallel even though optimal portfolios are basedon exactly the

sameset of assets.

In Figure 7, the stochastic frontier bounds for January 1992 are comparedto
the analytical con dence bounds derived in Jobson (1991). The analytical bounds
widen considerablywith the increasein expectedoptimal portfolio returns. The 95th

perceriile analytical bound is inverted and includes high probability outcomes of
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portfolios which dominate all others and cortradict the excient set framework. The
stochastic frontier boundsare well-behavedin all of the di®eren period samples.For
this particular samplethe stochastic boundsare § 1% around the meanmeasuredin

monthly standard deviation values.

Figure/8 compareshe stochastic frontier boundswith boundsobtained through
a traditional Monte Carlo simulation approad. This approad involves generating
2000 samplesof data from a multivariate normal distribution using the ordinary
samplemeanvector and covariancematrix asparameters. The covarianceparameters
of the generateddata setsare usedasinputs in the MV optimizer. Theseare estimates
of the unconditional covariance matrix. The xed mean vector usedto obtain the
SVOL excient frontiers was also usedto producethe MC-simulated frontier results.
The unconditional bounds obtained through traditional MC simulation are tighter.
The large di®erencein the sizesof the two sets of bounds speaks of the e®ectof

time-variability of the SVOL forecasts.

Figure 9 shows the v e sets of forecastedoptimal weights for the minimum
variance portfolio over the out-of-sample period from January 1992 to Decenber
2001. The meanweights do not exhibit notable time variation, despitethe variation
in covariance forecasts. This lack of time variation can be explainedby the fact the
although variancesand correlations vary though time, they presene their ranking
(seeFigure [3). The percerile bounds on the weighs, howewer, shav signi cantly
greater variability for the assetswith smaller weights. In addition, if we look at the
samplesof optimal weights for a single period, we obsene very high sensitivity of
the weights with respect to the covariance inputs, which is in line with the results
of Best and Grauer (1991) and Chopra and Ziemba (1993). Figure plots the

point estimates of minimum-variance weights for the out-of-sample periods based
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on covariance forecastsfrom three alternative approades: (1) the ordinary sample
covariance matrix basedon a moving sample window (dot-dashedline), and (2) a
variant of Engle's dynamic conditional correlation (DCC) model. The alternatively
computed sets of weights, especially Engle’'s DCC model weights, exhibit markedly
di®eren behavior. In general,these weights underweight more signi cantly Retail
and Fiance. DCC weights have signi cantly higher time-variation that canbe largely

attributed to more independert movemen of covarianceforecasts.

Figure/10displays a plot and a histogram of the sampleof Sharpe ratio forecasts
for January 1992, along with 5 and 95 percert bounds. The low autocorrelation in
the obtained sequenceof Sharpe ratio forecastsrevealsa high degreeof exciency in
the estimates. Without loss of generality, the risk free rate is assumedzero. The
Sharpe ratios are basedon the expectedreturns and standard deviations of the op-
timal minimum variance portfolios basedon the SVOL forecastsfor the period (see
Figure6). The histogram shows a posterior distribution of the Sharpe ratios that is

symmetric and bell-shaped.

Figure (11 plots the meanex-arte Sharpe ratios of the minimum variance port-
folio over the 120 out-of-sampleperiods from January 1992to Decenber 2001,along
with the 5th and 95th percertile. The percerile boundscan provide important infor-
mation on the uncertainty of the forecasts. The boundsare wider for higher expected
Sharpe ratios, conveying that higher performing portfolios should carry higher ad-

justments for uncertainty.
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6.4 Out-of-sample performance

The above results showv abilities of the SVOL model to expand the informational
cortent of the MV optimizer. An optimization study like this, howewer, carriesthe
indispensablequestion: doesthe model improve portfolio performance?The perfor-
mance of stochastic covariancesis bendmarked to three alternative approadesto
estimating covarianceparameters: (1) forecastsbasedon the ordinary samplecovari-
ancematrix of a moving samplewindow of monthly obsenations, (2) a variant of the
Dynamic Conditional Correlations model of Engle (2002), and (3) an index model for

time-varying covariancesof the type proposedin Jacquierand Marcus (2001).

The dynamic conditional correlations (DCC) model was introduced by Engle
(2002) and classi edby him asa new classof multiv ariate GARCH estimatorswhich
can be bestviewed asa generalizationof the constart conditional correlation estima-

tor of Bollerslev(1990). The model is formulated as:
P —
Hy = D{R{D D = diag( hi) (28)

The model usesa covariancestructure that conmbinestime-varying variancesand time-
varying correlationsstructure. Time-varying volatilities are modeledusing univariate
GARCH(1,1) processeswhile time-varying correlations are modeled using exponen-

tially smaothed standardizedGARCH(1,1) residuals.

The index model decompseshe covariancematrix into systematicand idiosyn-
cratic componerts. The systematiccomponert is a quadratic form product of factor

sensitiviesand the factor volatilit y.
§, = b¥, b+ - (29)
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All time variation in this index model is driven by the scalar factor volatility. The
constart factor sensitivities and the idiosyncratic risk are estimated as parameters
of an OLS regressionmodel using the full sampleof high frequencydata. The mar-
ket volatility is estimated using high frequencydata of very recent periods (in this
study, the last 60 days). The covariance estimatethen is adjustedto re°ect monthly

volatilities.

The out-of-sampleminimum varianceweiglts for the three alternative approates
areshown in Figure/12. With the exceptionof the moving averageresults, the weights
from the DCC and the factor modelsare signi cantly time-varying. In the caseof the
DCC model, this time variation can be attributed to the fact that assetvariancesdo
not presene their rank, sincethey are modeled as separate GARCH(1,1) processes
producing independen forecasts.In the caseof the factor model, variancespresene
rank. Howeer, pronounceddi®erencesn betasand wide variation of market volatil-
ity set variance forecastsso much apart asto force the optimizer to load all weight
on one asset,ignoring the correlation structure. For example,the Utilities portfolio
has a beta of 0.6, much smaller than other sensitivities. The small beta appearsto
leadto a volatilit y forecastmuch lower than the rest. We obsene that almostin half

of the out-of-sampleperiods the Utilities portfolio hasunit weiglt.

Figure/14illustrates a particular way of represeting out-of-sampleSharpe ratios
in the context of the forecastsproducedby the SVOL model. For eath month of the
secondhalf of the out-of-sampleperiod, Figure/14displays out-of-sampleSharperatios
basedon a moving window of the preceding60 months. We obsene that the SVOL
forecastwith their 5% and 95%boundsare able to capture the realizedout-of-sample
Sharpe ratios. Another interesting obsenation is the signi cant month-to-month

variation in those Sharpe ratios, not typical for moving averageseries.Sud variation
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speaksof large swingsin actual monthly returns.

The overall performanceof minimum variance portfolios over the whole out-of-
sampleperiod is reported in Table2. This table comparesrealized Sharpe ratios for
the full out-of-sampleperiod generatedusing the four alternative covariance mod-
els: (1) the ordinary sample covariance matrix basedon a moving sample window,
(2) a variant of Engle's dynamic conditional correlation (DCC) model, (3) an index
model, and (4) the multivariate SVOL model. The reported meanreturns, standard
deviationsand realizedSharpe ratios of actual returns cover the out-of-sampleperiod
from January 1992to Decenber 2001. We notice that the SVOL model generates
the minimum varianceportfolio with smalleststandard deviation and highest out-of-
samplerealized Sharpe ratio. Table[2 also reports the averageof the 5% and 95%
ex-arte bounds on the monthly Sharpe ratio forecasts. The realized out-of-sample
Sharpe ratios fall within thesebounds. In addition, Table[2 provides standard errors
for all performancestatistics. Thesestandard errorshave beencomputedusing GMM
and the delta method. In the estimation of samplemeansand variances,the GMM
methodology providestheir covariancematrix asstandard output. The delta method
is usedto computethe standard error of the Sharpe ratio, which is a non-linear func-
tion of the two samplestatistics. The delta method speci esthat if we have a vector

of estimated parameters,ﬁ, which are asymptotically normally distributed:
P A
(M(Hi Ho) » N(O;V ) (30)

then a function of p follows a normal distibution with parameters:

P A
(MEM i (o)) » N(O; Vi) (31)
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where

@°, @
Vi= —V,— (32)
ST
Using the above results, we obtain the Sharpe ratio's standard error:
2 3 2 3
1 1 @ 31
M= 4 5; f(p_):p:, = =4 *%» 5
32 Y3 @ -
7
o 2 3 2 3
' V2 iy, 1
= : 4 T hgd4 B
SEsr i1 - £ £ i

Vi Vi 2%

Table 2 also shavs con denceintervals for the SVOL statistics. In ead of the
months of the out-of-sampleperiod, the optimization processgenerates2000sets of
optimal weights basedon the SVOL forecasts.The actual investmen strategy is the
mean vector of optimal weights. All other setsof weights are treated as potertial
investmen paths. By summarizingthose potential investmen strategiesat the end
of the out-of-sampleperiod, we obtain the 5% and 95%boundsto form the con dence
intervals for the statistics. TheseSVOL con denceintervals are tighter than the ones

obtained by the GMM and the delta method.

7 Conclusion

This paper preserts an approad to examiningthe informational cortent of Markowitz
excient portfolios usinga generalmultiv ariate stochastic volatilit y model. The paper
focusesexclusiely on the e®ectof stochastic covarianceson MV optimization. Even
though the resultsin this paper were obtained using a very generalspeci cation of a

multiv ariate SVOL model, they provided usefulinsights into the behavior of volatili-
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ties and correlations, and the way this behavior can a®ectoptimal portfolio weighs.
For example, keeping expected meansconstart, a well obsened time variation in
correlations and volatilities may not necessarilylead to markedly time-varying opti-
mal weights. A commonfactor driving volatilities and correlationscan presene their

ranking and reducetime-variation in optimal weights.

The multiv ariate SVOL model has a °exible formulation which allows easyim-
positions of constrains. One set of useful constrains can imposea factor structure
for the model. Sud factor structure gives opportunities for providing richer con-
ditioning information in estimating the model parametersand for testing a wider
range of nancial hypotheses. Second,a factor structure in the SVOL model will
incorporate conditioning information about expected returns, a piece which could
complemen current analysis. Third, a factor structure allows easierestimation of
higher-dimensionalmodels as it e®ectiely reducesthe dimensionality of the time-

varying stochastic componert.
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Table 1
Descriptiv e Statistics of Industry Portfolios
The table de nesthe compary composition in the v e industry portfolios usedin the study
and describestheir returns. Each industry portfolio contains all companieslisted on CRSP
whose four-digit SIC code falls in the corresponding broad industry group. We use the
monthly weighted averagereturns for ead industry.

A. Compan y classi cation based on SIC four-digit company code.

Industry SIC code
1 Manufacturing 2000-3999
2 Utilities 4900-4999
3 Shops- Wholesale,Retail, and SomeServices 5000-599%nd 7000-7999
4 Money, Finance 6000-6999
5 Other - Agriculture, Mines, QOil, Construction,
Transportation, Telecom,Health and Legal Services all others
B. Correlation Matrix of Mon thly Returns
Manufacturing  Utilities Retalil Finance Other
Manufacturing 1.00
Utilities 0.68 1.00
Retail 0.89 0.63 1.00
Finance 0.88 0.77 0.87 1.00
Other 0.92 0.71 0.82 0.88 1.00
C. Descriptiv e Statistics of Mon thly Return Series
Manufacturing  Utilities Retail Finance Other
Mean 0.0107 0.0107 0.0113 0.0102 0.0104
Standard deviation 0.0500 0.0414 0.0627 0.0536 0.0485
S.E. of the mean 0.0032 0.0027 0.0040 0.0035 0.0031
Median 0.0095 0.0082 0.0125 0.0079 0.0133
Skewness -0.3586 0.2505 -0.3164 -0.0746 -0.4458
Kurtosis 5.6994 4.6777 5.6089 4.3248 5.1475
Minimum -0.2390 -0.1212 -0.2858 -0.2017 -0.2200
Maximum 0.1674 0.1896 0.2646 0.2051 0.1775
Range 0.4064 0.3108 0.5504  0.4068 0.3975
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Table 2
Out-of-sample Sharp e Ratios

The table comparesthe out-of-sample performanceof the minimum variance portfolio con-
structed using four alternativ e covariancemodels: (1) the ordinary samplecovariance matrix
basedon a moving samplewindow, (2) a variant of Engle's dynamic conditional correlation
(DCC) model, (3) an index model, and (4) the multiv ariate SVOL model. The reported
mean returns, standard deviations and realized Sharpe ratios of actual returns cover the
out-of-sample period from January 1992to Decenber 2001. Standard errors of all statistics
are reported in parentheses. These standard errors were derived using GMM and the delta
method. Also reported for the SVOL model are 5% and 95% ex-post bounds (in brackets)
using the 2000 sets of optimal weights through the 120 out-of-sample periods as potential
investmert paths. The last two-rows preseri the averate of SVOL ex-arte bounds on the
Sharpe ratios.

Mean Return  Standard Deviation Sharpe Ratio

Moving window 0.0072 0.0342 0.2102
9 (0.0031) (0.0022) (0.0934)
Sinalefactor 0.0113 0.0581 0.1945
9 (0.0053) (0.0043) (0.0967)
Dvnamic Correlations 0.0074 0.0344 0.2151
y (0.0032) (0.0021) (0.0943)
0.0077 0.0329 0.2337
SVoL (0.0030) (0.0021) (0.0945)
[0.0062 0.0089  [0.0321 0.036§  [0.1801 0.2734
Average5% (ex-arte) bound of SVOL Sharpe ratio forecasts 0.1981
Average95% (ex-arte) bound of SVOL Sharpe ratio forecasts 0.3825
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Figure 1. Plots of the data seriesfor the v e industries, Manufacturing, Utilities,
Retail and Wholesale,Finance, and Other, over 240 monthly periods from January
1972to Decenber 1991.
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Figure 2. Posterior standard deviations from the SVOL model with the 5th and

95th perceriile bounds. The straight horizontal line represets unconditional mean
estimate of the samplestandard deviation.
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Figure 3. Plots of the 10 pair-wise correlations. The correlation matrices were
badked out from the SVOL covariance matrix estimates. The correlation estimates
are plotted againstthe v e data seriesin the secondsectionof the graph.
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Figure 4. Plots and histograms of the set of draws of one-step-aheadorecastsof
individual standard deviationsfor January 1992basedon the posterior sampleof the
last period covariance matrix.
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Figure 5. Plot of the out-of-sampleone-period-aheadstandard deviation forecasts
for the period of January 1992to Decenber 2001. The standard deviation forecasts
presene their rank and are ordered, from high to low: (1) Retail, (2) Finance, (3)
Other, (4) Manufacturing, and (5) Utilities.
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Figure 6. The rst graphshawsall frontiers basedon the sampleof SVOL covariance

forecastsfor Jan 1992,alongwith the meanfrontier and the 95th and 95th perceriile

bounds.
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Figure 7. Plots of the stochastic frontiers bounds basedon the multiv ariate SVOL
(also shawvn in "gure 6) and the analytical results in Jobson(1991). The stochastic
frontier bounds are obtained through constrained MV optimization asin Figure (6,
while the analytical bounds are basedon unconstrainedoptimization. The shape of
the analytical boundsappearsto be data sensitive and in somecaseghe upper bound
may read infeasibleareas.
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Figure 8. Plots of the multivariate SVOL exciency bounds and bounds obtained
via traditional Monte Carlo simulation. In the simulation exercise,2000 samples
of returns were drawn from a multiv ariate normal distribution with meanvector and

covariancematrix equalto the unconditional data samplemeansand and covariances.
The set of MC-simulated boundsare basedonly on the covariance matricesfrom the

simulated samples(using the sameunconditional mean of the original data). These
bounds are directly comparableto the SVOL ezxciency bounds. The wider SVOL

boundsillustrate the e®ectof using conditioning information.
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Figure 9. Plots of the optimal weights of the minimum varianceportfolios, estimated
using the SVOL model, in the out of sampleperiod from January 1992to Decenber
2001.
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Figure 10. Histogram of the Sharpe ratios of the estimated minimum variance
optimal portfolios (the risk free rate is assumedzero) for January 1992. The light
color vertical lines are the mean expected Sharpe ratio and the 5th and the 95th
percerile.
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Figure 11. Plot of the expectedSharpe ratios for the posterior meanof the minimum
variance portfolio for the periods from January 1992to Decenber 2001, along with

the the 5th and 95th perceriiles. The forecastsare basedon expectedoptimal optimal

portfolio returns (using the ordinary samplemeanasreturn forecast)and the expected
covariances(using the multivariate SVOL model forecasts).
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Figure 12. Plots of the global minimum variance portfolio weights for the out-of-
sampleperiods basedon covarianceforecastsrom three alternative approadies: (1) an
index model (solid line), (2) the ordinary samplecovariancematrix basedon a moving
samplewindow (dashdotline), and (3) Engle'sdynamic conditional correlation model
(dashedline).
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Figure 13. Plots of the 5 and 95% bounds for the monthly Sharpe ratio forecasts
basedon the SVOL model, alsoshown in Figure9. Added to the plot werethe point

estimatesof out-of-samplerealized Sharpe ratios basedon the preceding60 months

for the minimum variance portfolio constructed using the SVOL model covariance
forecasts.
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Figure 14. Point estimatesof out-of-sample realized Sharpe ratios basedon the
precedingeOmonths. The four setsof realizedSharperatios basedon (1) SVOL model
parameters(SVOL) (2) Engle's dynamic conditional correlations model (DCC), (3)
unconditional sampleparameters(Sample),and (4) an index model (Index).
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